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Abstract 
A mathematical model for generating of artificial electro-

cardiograms (ECG) with internal and external distortions is 
described. Model allows generating different realistic-form 
ECG with specified amplitude-time characteristics of informa-
tive fragments, including generating of T- wave alternans and 
heart rate turbulence. Simulation results are given. 

1. Introduction 

Modern development stage of electrocardiography is char-
acterized by wide application of digital electrocardiographs 
with built-in algorithms for automatic data processing and 
interpretation of the ECG. At the same time, new nontrivial 
approaches to signal processing are used to improve the valid-
ity and accuracy of diagnostic results. 

Construction and quality assessment such algorithms re-
quires using of mathematical models, providing an generating 
of realistic-form ECG with specified amplitude-time charac-
teristics of informative fragments. 

It is known that the real ECG are characterized by com-
plexity and a variety of forms, lack of a clear boundary be-
tween separate fragments, changes of a form of the same 
fragments from a cycle to a cycle. Besides, in actual practice 
the form of informative fragments is distorted by different 
internal and external distortions, which can not be reduced 
only to an additive hindrance. All this complicates construct-
ing problem of adequate models for generating artificial ECG. 

In papers [1-3] algorithms based on linear and quadratic in-
terpolation of ECG elements are proposed. However, such 
models do not allow to generate realistic-form signal and to 
simulate manifestations of some pathological conditions of 
cardiovascular system on ECG. 

Model [4], in which particular elements are approximated 
by Gaussian functions, provide more realistic form of "ideal-
ized" ECG cycles. At the same time, such algorithm doesn’t 
provide generation of a sequence of cardiac cycles with inter-
nal and external distortions. It limits application domain of 
such models. 

In [5] the algorithm for generating of artificial ECG on the 
basis of operational transformation over separate fragments of 
"standard" is proposed. And although this approach allows 
synthesizing sequence of distorted ECG cycles of realistic 
form, proposed model can not be fully attributed to generative 
models because the real cycle as reference cycle of ECG is 
used. In addition, this model does not allow to simulate such 
an important diagnostic predictor of sudden cardiac death as 
T-wave alternans [6] because the model does not allow to 
independently distort of individual fragments of template am-
plitude due to discontinuity. 

One more well-known model is dynamical model for gen-
erating synthetic electrocardiogram signals based on computa-
tional solution of three coupled ordinary differential equations, 
which are generate the trajectory in a three-dimensional state 

space with coordinates ),,( zyx  [7]. However, computational 
solution limits the scope of the model. 

A new approach to construction of generative model for 
creating of artificial ECG is developed at present work. This 
approach is based on analytical solution of system of the dif-
ferential equations 
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In this system: 221 yx +−=α , ω  – is the angular velocity 

of point as it moves in plane ),( yx , ,2mod)( πθθθ ii −=∆  

{ }TSRQPi ,,,,∈ , where ],[ ππθ −∈  –  is the current angle. 
Cyclicity of ECG is simulated by moving of point in 

),( yx - plane along variable-length trajectory. Informative 
fragments of every cycle are modeled by movement of this 
point in z -direction (fig. 1). 
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Figure 1: trajectory generated by model (1)–(3) 

 
Time moments t , when P , Q , R , S ,T -waves appears, 

determine the location of limit cycle points that correspond to 
fixed angles Pθ , Qθ , Rθ , Sθ , Tθ . 

2. Mathematical models of artificial ECG 

Generative model of artificial ECG based on the analytical 
solution of (1) - (3) with techniques-assisted described in [4] is 
developed. 

The sequence )(,...),(1 tZtZ N of cycles of artificial ECG is 

formed according to the template )(tz , described as a sum of 
asymmetric Gaussian functions [8]: 
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where 0t  – general cycle time (ms) )(tz , connected with heart 

rate HRF  (beat/min) 
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while the beginnings )1(
it  and endings )2(

it  of every i -th tem-

plate fragment, },,,,,{ TSTSRQPi ∈ , are connected with pa-

rameters )1(
ib , )2(

ib  and iµ  such way: 
)1()1( 3 iii bt −= µ , 
)2()2( 3 iii bt += µ . 

Parameters iA  and iµ  determine desired levels of ampli-

tudes and time moments, when i -th informative template 
fragment, },,,,,{ TSTSRQPi ∈  is taking the maximum value 

under 0>iA  or minimum value under 0<iA . Parameters 
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under )2()1(
ii bb ≠  allow to generate asymmetric fragments in-

cluding asymmetric T -wave, if )2()1(
ii bb ≠ . 

On basis of template (4) on consecutive time-intervals 
)1(00 mm tt γ+= , Nm ,...,1=  distorted cycles )(,...),(1 tZtZ N  

are generated by the formula  
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where  

)1(
~

imiim AA α+= ,                                 (6) 

)1(~
imiim δµµ += ,   (7) 







>∀+

≤∀+
=

.)1(

,)1(~
)2()2(

)1()1(

imimi

imimi
im

tb

tb
b

µε
µε

  (8) 

Internal perturbations are modeled by distorting of heart 

rate (time interval 0t ) and template parameters iA , iµ , )1(
ib , 

)2(
ib  on every m -th cycle. Those distortions are based on 

using of realizations of independent random quantities mγ , 

imα , imδ , )1(
imε , )2(

imε , distributed on bounded intervals 

],[ 00 γγγ −∈m , ],[ 00
iiim ααα −∈ , ],[ 00

iiim δδδ −∈ , 

],[ 00)1(
iiim εεε −∈ , ],[ 00)2(

iiim εεε −∈  

with zero expectations. Here 0γ , 0
iα , 0

iδ , 0
iε  – constants that 

define required distortion boundaries. 
External perturbations are modeled by additive function 

)()()()( thththth DRG ++=  

that imitates network noise )(thG  with given frequencies and 

amplitudes, muscular tremor in the form of random distur-
bance )(thR  with given partition law, and baseline wander as 

low-frequency function )(thD  with desired level. 

Subsets },...,1{ NI E ⊂  and },...,1{ NI F ⊂ , ∅=FE II I , 

which consist of E  and F  ordered indexes, determine ran-
dom points of time, when function EE tZ Ζ)( ∈  that simulates 

extrasystole and function FF tZ Ζ)( ∈  that simulates artifact 

are generated on artificial ECG. 
Model (5)–(8) allows to generate realistic-form ECG, in-

cluding modelling signals with shift of ST -segment above 
(elevation) and below (depression) baseline, inversion of T -
wave, arrhythmias and another electrocardiographic signs of 
cardiac pathologies. 

On fig. 2 simulated results that confirm of adequacy of 
proposed model are shown. 

The real ECG with cardiac fibrillation from MIT–BIH Ar-
rhythmia Database (at the top), artificial ECG (at the bottom) 
are presented on fig. 2, a). The real ECG with ST -segment 
depression (in compliance with [9]) (at the top), artificial ECG 
(at the bottom) are shown on fig. 2, b). The ECG with extra-
systoles from MIT–BIH Arrhythmia Database (at the top) and 
artificial ECG (at the bottom) are shown on fig. 2, c). 

 

 

  
(а) – Simulation of atrial fibrillation  

 

 
(в) – Simulation of ST -segment depression 

 

  
(с) – Simulation of ECG with extrasystoles 

Figure 2: Real and artificial ECG 
 



3. Modelling of T-wave alternans and heart rate turbu-
lence  

An important characteristic of computer systems for medi-
cal diagnostics is the analysis of predictors of sudden cardiac 
death. One of these predictors is the T -wave alternans which 
is reduced to alternation of waves with different amplitude, 
duration, or symmetry. 

We introduce some basic hypotheses [10] to construct a 
model of an artificial ECG with T -wave alternans. 

Hypothesis 1. If alternans is absent, the T -wave amplitude 
is a realization of one random quantityY , which varies rela-
tive to some mean value }M{Y  with bounded variance. 

Hypothesis 2. If alternans is present, T -waves amplitudes 
are realizations of two random quantities AY  and BY , which 

varies relative to their “own” mean values }M{}M{ BA YY ≠  

under bounded variance, and  

],[ maxmin
AAA YYY ∈ ,  ],[ maxmin

BBB YYY ∈   and 
minmax

BA YY <  or minmax
AB YY < . 

Hypothesis 3. If alternans is present, the order of rotation of 
two wave types can be changed at random time moments 

Mttt ...,,, 21 . However, number of such moments M  is much 

less than number of analyzed cycles, and 

jiMjiTtt ji ≠∈∀>− },,...,1{,0 , 

where 0T – minimum time interval that characterizes alternans. 

To generate artificial ECG with T -wave alternans we pro-
pose to pass from (10) to following model 
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where  
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Parameters )( A
mλ , )1(b

mλ , )2(b
mλ  that characterize prescribed 

levels of alternans of amplitude A∆ , duration τ∆ , and sym-

metry β∆  are defined by: 
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Subset },...,1{ NI M ⊂  consists of M  ordered indexes 

( ∅=∪ )( FEM III I ) and determines random time moments, 

when sequence of T -waves on artificial ECG is changed un-
der alternans. Simulation of these effects is necessary when 
testing of computer analysis algorithms of Т -wave alternans. 

The real-ECG recording with Т -wave alternans (at the top) 
[11] and artificial ECG (at the bottom) are presented on fig. 3. 

 

 

  
Figure 3: Simulation of T -wave alternance 

 
Another important predictor of sudden cardiac death is a 

phenomenon of heart rate turbulence. It is a short-time fluctua-
tions of sinus cycle durations (RR-intervals), which follows 
after ventricular ectopic beat [12]. 

A table model for the generation of ECG with the given 
values of parameters - TO  (turbulence onset) and TS  (turbu-
lence slope) is proposed in this work. 

Parameter TO  is calculated (in %) by formula 

100
)(

)()(

32

3221 ×
+

+−+
=

−−

−−

RRRR

RRRRRRRR
TO , 

where 2−RR , 3−RR  – intervals that follow before ventricular 

ectopic beat, 1RR , 2RR – intervals, which follow after ven-

tricular ectopic beat. 

Parameter TS  is calculated by formula 

j
j

aTS max= , 16,...,1=j . 

ja – slope coefficients of straight lines, which constructed for 

every five consecutive RR-intervals of twenty, which follow 
after ventricular ectopic beat: 

1RR … 5RR ,  2RR … 6RR ,  … ,  16RR … 20RR . 

The real-ECG recording with turbulence parameters 
6,2%;10 =−= TSTO ms/RR is presented on fig. 4 at the 

top. Rhythmogram that corresponding to ECG is shown at the 
bottom of the figure. 
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Figure 4: Simulation of heart rate turbulence 

 
4. Research of new signal processing technique 

One of new signal processing techniques, which was con-
firmed in clinical conditions based on an analysis of ECG in 
phase space. A number of properties established connection 
of diagnostic features that characterize shape of phase portrait 
of ECG with parameters of the model that generates ECG in 
time domain are discovered [13]. 

It is established that phase portrait orientation angle W  is 
determined by ratio of amplitudes of Q  and S  waves (fig. 5). 
Statistical dependence between these parameters can be de-

scribed by regression equation ρ7928,085,200 −= eW , where 

SQ /=ρ . Determination coefficient is 986,02 =R . 
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Figure 5: ECG cycles in time domain and phase coordinates  

 

Also was shown that the diagnostic character Tβ  of sym-

metry of repolarization fragment is connected with parameters 
)1(

Tb  and )2(
Tb  of proposed model. Dependence between these 

parameters can be described by function 4248.00082,1 −= ηβT , 

where )2()1( / TT bb=η . Determination coefficient is 993,02 =R . 

It is established also that “dispersion” parameter D  of 
phase trajectories is connected with limitation 0ε  that applied 

to distortions of R -wave amplitudes of model. Dependence 
between these parameters can be described by linear regres-
sion equation 3172,1841,47 0 −= εD , correlation coefficient 

997,0=r . 

5. Conclusions 

As seen from fig. 2 and 3, forms of artificial ECG are close 
enough to forms of real signals. An advantage of artificial 
signals is that user exactly knows its amplitude-time character-
istics, which expand application scope of these signals. 

On the basis of described models program-technical com-
plex was built. It is a handy tool for quality testing of new 
algorithms for analysis and interpretation of ECG. It is also 
used for testing of characteristics and consumer qualities of 
digital electrocardiographs, in particular, device FASEGRAF® 

in its production and during service [14]. 
Also statistical dependencies between diagnostic features 

of ECG in time domain and phase space coordinates are con-
structed for the first time. 

Proposed mathematical models for generation of artificial 
ECG can also be used in other areas, in particular, for scien-
tific researches or as tutorial for medical students which study 
electrocardiography. 
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