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$EVWUDFW���
7KH� PRGLILHG� PHWKRG� RI� VWDWLRQDU\� KDUPRQLF�QRLVH� ILOWUDWLRQ� RQ� WKH� EDVLV� RI� GLVFUHWH� )RXULHU�WUDQVIRUPDWLRQ�LV�RIIHUHG��7KLV�PHWKRG�LV�HVSHFLDOO\�HIIHFWLYH��LI��WKH�QRLVH�LV�FRQFHQWUDWHG� LQ� XVHIXO� VLJQDO� IUHTXHQFLHV�� ZKHQ�XVLQJ� ZHOO�NQRZQ� UHMHFWLRQ� ILOWHUV� FDQ� GHIRUP� WKH�XVHIXO� VLJQDO� LQ� FRQVHTXHQFH� RI� VSHFWUXP� OHDNDJH�HIIHFW�� 7KH�PDWKHPDWLFDO� MXVWLILFDWLRQ� RI� WKH� RIIHUHG�LPSURYHPHQWV� RI� WKLV� PHWKRG��PD[LPDOO\� VDYLQJ� WKH�IRUP� RI� XVHIXO� VLJQDO� LV� JLYHQ�� 7KH� UHVXOWV� RI�H[SHULPHQWV�FRQILUPHG�WKDW�VXFK�SURFHGXUH�DOORZV�WR�HIIHFWLYHO\� VXSSUHVV� RI� WKH� FRQFHQWUDWHG� IUHTXHQF\�QRLVH� ZLWKRXW� VXEVWDQWLDO� GLVWRUWLRQV� RI� LQIRUPDWLYH�IUDJPHQWV�RI�XVHIXO�VLJQDO�HYHQ�LQ�WKRVH�FDVHV��ZKHQ�IUHTXHQF\�RI�QRLVH� LV�FRQFHQWUDWHG� LQ� WKH� LQWHUYDO�RI�WKH�ORDGHG�IUHTXHQFLHV�RI�XVHIXO�VLJQDO������,QWURGXFWLRQ��

� ,Q� VLJQDO� SURFHVVLQJ� RQH� RIWHQ� KDV� WR� GHDO� ZLWK�DGGLWLYH�KDUPRQLF�QRLVH��VXSHULPSRVHG�RQ�WKH�VLJQDO�>����@��,Q�FDVHV�ZKHQ�IUHTXHQFLHV�RI�XVHIXO�VLJQDO�DQG�QRLVH� DUH� HVVHQWLDOO\� GLIIHUHQW�� ZH� XVH� GLIIHUHQW�UHMHFWLRQ� ILOWHUV>���@�� VWRS�EDQG�RI�ZKLFK� LV� DGMXVWHG�IRU�KDUPRQLF�QRLVH�FDQFHOODWLRQ��+RZHYHU�� LI� WKH� QRLVH� LV� FRQFHQWUDWHG� LQ� XVHIXO�VLJQDO�IUHTXHQFLHV��XVLQJ�ZHOO�NQRZQ�UHMHFWLRQ�ILOWHUV�FDQ�GHIRUP�WKH�XVHIXO�VLJQDO��7KLV�LV�LQDGPLVVLEOH�LQ�GHFLGLQJ� VRPH� SUDFWLFDO� WDVNV�� LQ� SDUWLFXODU� LQ�FRPSXWLQJ� SK\VLRORJLFDO� VLJQDOV�� VXFK� DV�HOHFWURFDUGLRJUDP�� UKHRJUDP�� PDJQHWRFDUGLRJUDP�HWF���7KH� IHDWXUH� RI� VXFK� VLJQDOV� LV� WKDW� YDOXDEOH�LQIRUPDWLRQ� DERXW� REMHFW� VWDWH� LV� FRQFHQWUDWHG� LQ�VPDOO� IUDJPHQWV� RI� VLJQDO� UDQJH� RI� GHILQLWLRQ��7KHUHIRUH�� LI� WKH� ILOWUDWLRQ� FDXVHV� HYHQ� LQVLJQLILFDQW�GLVWRUWLRQV� RI� LQIRUPLQJ� IUDJPHQWV� VKDSH�� VXFK�GLVWRUWLRQV�FDQ�UHVXOW�LQ�HUURQHRXV�GLDJQRVWLFV�>���@���7KH� PRGLILHG� PHWKRG� RI� VWDWLRQDU\� KDUPRQLF�QRLVH� ILOWUDWLRQ� RQ� WKH� EDVLV� RI� GLVFUHWH� )RXULHU�WUDQVIRUPDWLRQ� LV�RIIHUHG��DQG�DOVR� WKH�PDWKHPDWLFDO�MXVWLILFDWLRQ� RI� WKH� RIIHUHG� LPSURYHPHQWV� RI� WKLV�

PHWKRG�� ZKLFK� PD[LPDOO\� VDYHV� WKH� IRUP� RI� XVHIXO�VLJQDO��������3UREOHP�VWDWHPHQW�
/HW� WKH� REVHUYDEOH� VLJQDO� EH� VHTXHQFH� RI� GLVFUHWH��

YDOXHV� � ��@> NW\N\ { LQ� HTXLGLVWDQW� � WLPH� SRLQWV�
'{ NW N � �������� � .N � ZKHUH� ' LV� D� WLPH�

TXDQWL]DWLRQ� VWHS�� ,W� LV� DVVXPHG� WKDW� WKH� REVHUYDEOH�
VLJQDO� @>@>@> � NKN\N\ � � LV� DGGLWLYH� PL[WXUH� RI�
XVHIXO� VLJQDO� @>� N\ DQG� QRLVH� @>NK DV� D� VXP� RI�
VWDWLRQDU\�KDUPRQLF�RVFLOODWLRQV�
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KHUH� JD � JI � JM DUH� DPSOLWXGH�� IUHTXHQF\� DQG�
LQLWLDO� SKDVH� RI� J �WK� KDUPRQLF� FRPSRQHQW��
)UHTXHQFLHV� � RI� KDUPRQLF� FRPSRQHQWV� DUH� NQRZQ�
DFFXUDWH� ZLWKLQ� FRQWLQJHQFLHV� � PD[PLQ

JJJ III dd �DQG�
DW�WKDW�WXUQ�GRZQV���FDQ�FRLQFLGH�ZLWK�WKH�DUHDV�RI�WKH�ORDGHG�IUHTXHQFLHV�RI�XVHIXO�VLJQDO��$ SUREOHP� LV� VHW� WR� GHVLJQ� D� UHMHFWLRQ� ILOWHU��SURYLGLQJ� HIIHFWLYH� KDUPRQLF� QRLVH� ���� FDQFHOODWLRQ��
ZLWK� PLQLPXP� GLVWRUWLRQV� RI� XVHIXO� VLJQDO� @>� �\

IRUP�������%ORFN�ILOWUDWLRQ�RI�KDUPRQLF�QRLVH��
�

/HW¶V� FRQVLGHU� RQH� RI� NQRZQ� DSSURDFKHV� WR�KDUPRQLF�QRLVH�VXSSUHVVLRQ�>�@���EDVHG�RQ�GLUHFW�DQG�UHYHUVH�GLVFUHWH�)RXULHU�WUDQVIRUPDWLRQ��')7���,W�LV�NQRZQ�WKDW�GLUHFW�')7�DOORZV�WR�GHFRPSRVH�D�VLJQDO @>N\ � IL[HG� LQ� . SRLQWV� RI� WKH� ERXQGHG� WLPH�
LQWHUYDO� '. �LQ� VHFRQGV�� ZLWK� WKH� TXDQWXP� ' � LQWR�
. KDUPRQLF� FRPSRQHQWV�� $W� WKDW� E\� YLUWXH� RI�OLQHDULW\� RI� )RXULHU� WUDQVIRUPDWLRQ� IRU� DQ� DGGLWLYH�QRLVH� WKH� VSHFWUXP� `^`^`^ � K6\6\6 � � RI� WKH�
REVHUYHG� VLJQDO� @>�\ � EXLOW� RQ� WKH� EDVLV� RI� GLUHFW�
')7�� LV� HTXDO� WR� WKH� VXP� RI� VSHFWUXPV� `^`�^ � K6\6

RI� XVHIXO� VLJQDO� @>� �\ DQG� QRLVH� @>�K � +HQFH�� LW�
ZRXOG� VHHP�� IRU� WKH� � VWDWLRQDU\� KDUPRQLF� QRLVH� ����



�

UHMHFWLRQ�� LW� LV� HQRXJK� WR� VXSSUHVV� VSHFWUXP��
FRPSRQHQWV� `^K6 � FRUUHVSRQGLQJ� WR� QRLVH� ���K

SURSHU�IUHTXHQFLHV���DQG�XVLQJ�PXWXDO�UHYHUVLELOLW\�RI��GLUHFW� DQG� UHYHUVH� ')7� SURFHGXUHV� WR� FRQGXFW�UHYHUVH� WUDQVIRUPDWLRQ� RQ� WKH� EDVLV� RI� UHYHUVH�')7�IRU�UHQHZDO�RI�XVHIXO�VLJQDO� @>� �\ LQ�WLPH�UHJLRQ���
+RZHYHU�� VXFK� DWWUDFWLYH� WULFN� LV� QRW� DOZD\V�HIIHFWLYH�� 7KH� SRLQW� LV� WKDW� LQ� JHQHUDO� FDVH� WKH�VSHFWUXP�RI�VLQJOH�KDUPRQLF�RVFLOODWLRQ��EXLOW�RQ�WKH�EDVLV� RI� GLUHFW� '3)�� ©GLVWULEXWHVª� RQ� D� QXPEHU� RI�FRQWLJXRXV� IUHTXHQFLHV�� L�H�� ZH� REVHUYH� VSHFWUXP�OHDNDJH��7KHUHIRUH�� LI�ZKLOH� ILOWUDWLQJ�QRLVH� WR� UHMHFW�DOO�')7�FRPSRQHQWV��RQ�ZKLFK�WKH�QRLVH�EXUGHQ� ZLOO�EH� GLVWULEXWHG� GXULQJ� VSHFWUXP� OHDNDJH�� DW� QHDU�IUHTXHQFLHV� RI� QRLVH� DQG� VLJQDO� LW�ZLOO� LQHYLWDEO\�EH�QHFHVVDU\� WR� DIIHFW� WKH� FRPSRQHQWV� EHDULQJV�LQIRUPDWLRQ�DERXW�WKH�XVHIXO�VLJQDO��$V�D�UHVXOW��DIWHU�UHYHUVH�)RXULHU� WUDQVIRUPDWLRQ� WKH�XVHIXO� VLJQDO�ZLOO�EH�GLVWRUWHG��$V�WKH�HIIHFW�RI�VSHFWUXP�OHDNDJH�UHVXOWV�IURP�WKH�QDWXUH�RI�')7��OHW¶V�FRQFHQWUDWH�RQ�WKH�SUREOHP��)RU�WKLV� SXUSRVH� OHW¶V� FRQVLGHU� D� VLPSOH� GLVFUHWH�

KDUPRQLF� VLJQDO�� VR� OHW¶V�ZULWH� ���� IRU� � * LQ� VXFK�
ZD\��

���������FRV�@> � �' .NNDNK MZ � ����
KHUH� D LV�DPSOLWXGH�� ' � WLPH�TXDQWXP��Z � FLUFXODU�
IUHTXHQF\��M ± LQLWLDO�SKDVH��
8VLQJ� GLUHFW� ')7� SURFHGXUH�� OHW¶V� UHSUHVHQW� WKH�

VLJQDO� @>NK LQ�VXFK�PRGH��
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$V�ZH�FDQ�VHH�� Q< FDQ�EH�HTXDO�]HUR�LI�DQG�RQO\�LI��� � 0Q. SSZ ��  �'r � RU� 0.  ' SZ �� � KHUH� 0 LV�

LQWHJHU�� ,Q� WKLV� FRQGLWLRQ� � Q< IRU� VXFK� YDOXHV� Q
ZKHQ� � � ��� z�'r .QLH SZ � ,Q� WKH� FDVH� ZKHQ�

� � ���  �'r .QLH SZ � LW¶V�HDV\�WR�SURYH�WKDW��
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7KXV�� LI� SZ ��'. LV� DQ� LQWHJHU�� ML
Q H

D.
< r 

�
IRU�

VXFK� YDOXHV� Q ZKLFK� VDWLVI\� WKH� FRQGLWLRQ�
� � ���  �'r .QLH SZ � DQG�IRU�DQRWKHU�YDOXHV Q � Q< �
,W� LV� REYLRXV�� WKDW� � � ���  �'r .QLH SZ LI� DQG� RQO\� LI��

WKH�YDOXH� .Q ��SZ �'r LV�PXOWLSOH�WR� S� � 7DNLQJ�
LQWR�DFFRXQW�WKH�OLPLWDWLRQV .Q d�� � ZH�FDQ�VHH�WKDW��

LQ� FDVH� ZKHQ� SZ ��'. LV� DQ� LQWHJHU�� QRQ�]HUR�
DPSOLWXGHV� Q< HPHUJH�LQ�H[SUHVVLRQ�����RQO\�ZKHQ��
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$V� D� UHVXOW�� IURP� IRUPXOD� ����ZH� JHW� WKDW� LQ� FDVH�

ZKHQ� WKH� UHODWLRQ� SZ ��'. LV� DQ� LQWHJHU�� WKH�
FDOFXODWHG� ')7� FRQWDLQV� MXVW� WZR� QRQ�]HUR� VSHFWUDO�YDOXHV��
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�%XW� LI� WKH� UHODWLRQ� SZ ��'. LV� QRW� DQ� LQWHJHU��
�zQ< IRU� DQ\� YDOXH Q � 7KLV� LV� WKH� HIIHFW� RI�

VSHFWUXP��OHDNDJH�RI�VLQJOH�KDUPRQLF�RVFLOODWLRQ������UHSUHVHQWHG�E\�WKH�ILQLWH�QXPEHU�RI�GLVFUHWH�YDOXHV���,W¶V� FOHDU� WKDW� IRU� FRQVWUXFWLQJ� DQ� HIIHFWLYH�KDUPRQLF� QRLVH� ���� VXSSUHVVLRQ� SURFHGXUH� LW� LV�QHFHVVDU\�WR�HOLPLQDWH�RU�DW�OHDVW�ZHDNHQ�WKH�HIIHFW�RI�VSHFWUXP� OHDNDJH� RI� GLVFUHWH� KDUPRQLF� VLJQDO�� $�NQRZQ�WHFKQLTXH�RI�ZHDNHQLQJ�WKH�VSHFWUXP�OHDNDJH�HIIHFW� LV�PXOWLSO\LQJ� WKH�VLJQDO�E\�D�ZHLJKW�IXQFWLRQ�ZKLFK�KDV�LWV�PD[LPXP�LQ�WKH�FHQWUDO�SRLQW�RI�VLJQDO�
�IRU� ��.N  � DQG� IOXHQWO\� GHFUHDVHV� WR� LWV� HGJHV�
� � N DQG� �� .N ��� ,Q� WKLV� FDVH� WKH� IRUPXOD� RI�
')7�WDNHV�WKH�IRUP��
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,W� LV� FRQVLGHUHG� WKDW� LQ� FDVH� RI� D� JRRG� FKRLFH� RI�

��N: LW� LV� SRVVLEOH� WR� ZHDNHQ� LQ� D� ZD\� VSHFWUXP�
OHDNDJH� HIIHFW�� +RZHYHU�� WKH� LQHYLWDEOH� SD\LQJ� IRU�WKH�XVH�RI�ZHLJKWLQJ� IXQFWLRQ� ��N: LV�GLVWRUWLRQ�RI�
XVHIXO�VLJQDO�VSHFWUXP��%HFDXVH� RI� LW� WKHUH� LV� D� QDWXUDO� GHVLUH� WR� ILQG� WKH�PHWKRG� RI� UHVLVWLQJ� WKH� HIIHFW� ZKLFK� JHQHUDWHV� � WKH�VSHFWUXP� OHDNDJH� HIIHFW�� EXW� QRW� RQO\� LWV�FRQVHTXHQFHV�� ,Q� RWKHU�ZRUGV��ZH¶OO�PDNH� DQ� HIIRUW�WR�JHW�WKH�©DGHTXDWHª�VSHFWUXP�RI�GLVFUHWH�KDUPRQLF�RVFLOODWLRQ�RQ�WKH�EDVLV�RI�WUDGLWLRQDO�')7�DOJRULWKP�
ZLWKRXW�XVLQJ�RI�ZHLJKWLQJ�IXQFWLRQ� ��N: �
���%DFNJURXQG�RI�WKH�RIIHUHG�DOJRULWKP��
�
/HW¶V� XVH� ���� DQG� UHSUHVHQW� WKH� DPSOLWXGHV� RI�

VSHFWUXP�GHQVLW\�DV�D�IXQFWLRQ�RI�D�UHDO�YDULDEOH N �
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/HW¶V�VXSSRVH�WKDW� 5.  '� ���� SZ � ZKHUH 5 LVQ¶W�
LQWHJHU�� ,Q� WKLV� FDVH�� DV� ZH� KDYH� VKRZQ� EHIRUH��VSHFWUXP� OHDNDJH� HIIHFW� LV�REOLJDWRU\�REVHUYHG��%XW�
IRU� �!5 WKHUH�LV�VXFK�D�YDOXH� .N � �QRW�REYLRXVO\�
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LQWHJHU��� IRU� ZKLFK� ¬ ¼5N  '� ���� SZ � ZKHUH� ¬ ¼K
PHDQV�WKH�LQWHJHU�SDUW�RI�K �

7KXV��LI�WR�GHILQH� �. DV��
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5
N.NN. LQWHJHU � ����

WKHQ�E\�YLUWXH�RI�FRQWLQXLW\�RI�IXQFWLRQ� ��N<Q RQ�WKH�
LQWHUYDO� > @.. �� �

����OLP �
�

.<N< QQ
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$V�� ¬ ¼5.  '� ����� SZ LV�DQ�LQWHJHU��IRU� �.N  WKH�

FRQGLWLRQ�RI�VSHFWUXP�OHDNDJH�HIIHFW�DEVHQFH�WKDW�ZH�
KDYH��UHFHLYHG�HDUOLHU�LV�IXOILOOHG��+HQFH��LI� �. LV�DQ�
LQWHJHU��ZLWK�GLPLQLVKLQJ� WKH� LQWHUYDO�RI�REVHUYDWLRQ�
OHQJWK� IURP� . WR� �. � JUDGXDO� ZHDNHQLQJ� RI�
VSHFWUXP� OHDNDJH� HIIHFW� DQG� LWV� FRPSOHWH�
GLVDSSHDUDQFH�IRU�WKH�YDOXH�RI�OHQJWK� �. RFFXUV��L�H���
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+RZHYHU��WKH�FDVH�ZKHQ� �. � GHWHUPLQHG�E\������LV��
DQ� LQWHJHU� LV� UDWKHU�D� UDUH�H[FHSWLRQ� WKHQ�D� UXOH�� ,W¶V�
FOHDU�� WKDW� LI� �. LV� QRW� LQWHJHU�� IXOO\� UHPRYLQJ� WKH�
VSHFWUXP� OHDNDJH� HIIHFW� LV� QRW� VXFFHHGHG�� $W� WKH�VDPH�WLPH��LI�WKH�LQWHUYDO�REVHUYDWLRQ�OHQJWK�LV�HTXDO�
WR� WKH� QHDUHVW� LQWHJHU� YDOXH� WR� �. � WKH� VSHFWUXP�
OHDNDJH�HIIHFW�LV�OHVV�WKDQ�IRU�WKH�SULPDU\�OHQJWK�� . �2QH� FDQ� QRWLFH� WKDW� WKH� HDUOLHU� IRUPXODWHG�FRQGLWLRQ� RI� VSHFWUXP� OHDNDJH� HIIHFW� DEVHQFH� LV�
HTXLYDOHQW�WR�WKH�FRQGLWLRQ� .0 ���  ' SZ � ZKHUH�
0 LV� LQWHJHU��7KXV�� LW� LV� SRVVLEOH� WR� IRUPXODWH�QH[W�VWDWHPHQW��
6WDWHPHQW���� ,I�XQNQRZQ�FLUFXODU�IUHTXHQF\�Z RI�

D GLVFUHWH�KDUPRQLF�VLJQDO�DQG�WKH�WLPH�TXDQWL]DWLRQ�
VWHS ' VDWLVI\� WKH� FRQGLWLRQ� TS ���  ' SZ � � TS � �
UDWLRQDO� QXPEHU��� WKHQ� IRU� WKH� VLJQDO� OHQJWK� .PXOWLSOH� WR� GHQRPLQDWRU� T RI� WKLV� QXPEHU�� WKH�
VSHFWUDO� GHFRPSRVLWLRQ� RI� WKH� VLJQDO� RQ� WKH� ')7�EDVLV�ZLOO�KDYH�RQO\�WZR�QRQ�]HUR�FRPSRQHQWV��
5HDOO\�� LI� TS ���  ' SZ � WKHQ� IRU . PXOWLSOH�

WR� T � L�H�� TP. � � ZH�KDYH� SP. � ' SZ �� � DQ�
LQWHJHU� DQG�� DV� ZH� PHQWLRQHG� HDUOLHU�� WKH� VSHFWUXP�OHDNDJH�HIIHFW�LV�DEVHQW��&RUROODU\� ,I� WKH� XQNQRZQ� FLUFXODU�
IUHTXHQF\Z RI� D� GLVFUHWH� KDUPRQLF� VLJQDO� DQG� WKH�
WLPH� TXDQWL]DWLRQ� VWHS� ' DUH� VXFK� WKDW�

TS ���  ' SZ � DQG� TS � LV�VRPH�UDWLRQDO�QXPEHU��
WKH�GHQRPLQDWRU� T RI�ZKLFK� LV� OHVV� WKHQ� WKH� OHQJWK�

. RI� WKH� SURFHVVHG� VLJQDO�� WKHQ� IRU� GLPLQLVKLQJ� WKH�QXPEHU� RI� SURFHVVHG� SRLQWV� ZH¶OO� KDYH� D� SHULRGLF�
�ZLWK� D� SHULRG� T � ZHDNHQLQJ� RI� VSHFWUXP� OHDNDJH�
HIIHFW�XS�WR�LWV�FRPSOHWH�UHPRYDO��
5HDOO\��LI� � ��TPPQT. �� WKHQ�WKH�H[SUHVVLRQ�

QSTSQT.  � ' ���� SZ
LV� DQ� LQWHJHU� IRU� WKH� YDOXH QTP..  � � � DQG�
WKHUHIRUH�IRU�VXFK�VLJQDO�OHQJWK�WKH�VSHFWUXP�OHDNDJH�HIIHFW� LV�DEVHQW��$W�WKH� IXUWKHU�GLPLQLVKLQJ�RI�VLJQDO�OHQJWK�IRU�VXFK�YDOXHV��

����� TP.. �� � � � � �TLQTLP..L �� ��� �� �
WKH�YDOXHV�

� � � �SLQTSTLQ.L �� ���� ' ����� SZ
DUH�LQWHJHU�DQG��WKHUHIRUH��WKH�SHULRGLFDOO\�UHPRYDO�RI�
VSHFWUXP� OHDNDJH� HIIHFW� ZLWK� D� SHULRG� T FDQ� EH�
REVHUYHG��
,W¶V� REYLRXV� WKDW� WKH� FDVH� ZKHQ� SZ ��' LV� D�

UDWLRQDO� QXPEHU� LV� D� UDUH� H[FHSWLRQ�� ,Q� JHQHUDO� FDVH�
SZD ��' LV� UDWKHU� DQ� LUUDWLRQDO� QXPEHU�� ,Q� WKLV�

FDVH� ZH� KDYH� D� QDWXUDO� GHVLUH� WR� PDNH� DWWHPSW� WR�
DSSUR[LPDWH� SZ ��' E\�VRPH�UDWLRQDO�QXPEHU��
,Q� QXPEHU� WKHRU\� WKHUH� LV� D� VHW� RI� HIIHFWLYH�PHWKRGV�IRU�DSSUR[LPDWLQJ�UHDO�QXPEHUV�E\�UDWLRQDO�IUDFWLRQV�� LQ� SDUWLFXODU� DSSUR[LPDWLRQ� E\� FRQWLQXHG�IUDFWLRQV� DQG� DSSUR[LPDQWV�� $FFRUGLQJ� WR� WKH�'LULFKOHW� WKHRUHP� >�@�� IRU� DQ\� UHDO� QXPEHU� D DQG�

DUELWUDU\�QXPEHU �!W LW�LV�SRVVLEOH�WR�ILQG�D�UDWLRQDO�
IUDFWLRQ� E

D VXFK��WKDW��
WWD d�� EEE

D �� �
$V� WKH� IUDFWLRQ�� VDWLVI\LQJ� WKH� FRQGLWLRQ� RI� WKH�'LULFKOHW� WKHRUHP��LW� LV�DFFHSWHG�WR�XVH�WKH�VR�FDOOHG�

Q �WK� DSSUR[LPDQW�
Q

Q

4
3 RI� GHFRPSRVLWLRQ� D WR� D�

FRQWLQXHG� IUDFWLRQ��+HUH� Q LV�PD[LPDO� QXPEHU�� IRU�
ZKLFK� W�Q4 � )RU� H[DPSOH�� IRU� DSSUR[LPDWLQJ� DQ�
LUUDWLRQDO� QXPEHU� � E\� UDWLRQDO� IUDFWLRQ�

E
D

DFFXUDWH� ZLWKLQ�
E����

� RQH� KDV� WR� GHFRPSRVH� �

LQWR� FRQWLQXHG� IUDFWLRQ� > @���������������  DQG�
HYDOXDWH� DSSUR[LPDQW� IRU� WKLV� GHFRPSRVLWLRQ�� ���������� ������� �������� �������� �IXUWKHU� GHQRPLQDWRUV�DUH� PRUH� WKDQ� ������� 7KHQ� WKH� GHVLUHG� IUDFWLRQ� LV�
���
��� � DW�WKDW� �������

�
���
���� ��� �

7KXV�� DFFRUGLQJ� WR� WKH� 'LULFKOHW�
WKHRUHP� � �SZD ��'� FDQ� EH� DSSUR[LPDWHG� E\�
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VRPH� UDWLRQDO� QXPEHU� T
S VR�� WKDW� WD TT

S ��� IRU�
DQ\� �!W �
6R��LI�ZH�WDNH� T0. � � � W��0 ���WKHQ�

��
WWD

DD
0

TT0T
ST0

T
ST0T0S0.

 ������� 

 ����� ���

ZKHUH W��0 �
+HQFH�� LI � � ���  '� SZ � WKHQ� IRU� LQWHUYDO� OHQJWK��

.  ����� DQG� JLYHQ� DFFXUDF\� ������� ZLWK���
GLPLQLVKLQJ� WKH� OHQJWK� . IRU� WKH� YDOXHV� �.  �����

�.  ����� �.  ���� ZH� REWDLQ� � �SZ ��'��L. DV�
DOPRVW�LQWHJHU�ZLWK�DFFXUDF\� �������������  LL � $V�
D FRQVHTXHQFH� RI� WKLV� IDFW� QRWLFHDEOH� UHGXFLQJ� RI�VSHFWUXP�OHDNDJH�HIIHFW�LV�REVHUYHG��$FFRUGLQJ� WR� WKH� H[SHULPHQWV�� ZLWK� � GLPLQLVKLQJ�WKH� REVHUYDWLRQ� LQWHUYDO� OHQJWK� WKH� UHPRYDO� RI�VSHFWUXP� OHDNDJH� HIIHFW� RFFXUV� ZLWK� D� PXFK� OHVV�SHULRG��7KH�SRLQW� LV� WKDW� WKH� DSSUR[LPDQW� LV� QRW� WKH�XQLTXH�SRVVLELOLW\�RI�DSSUR[LPDWLQJ� WKH�UHDO�QXPEHU�E\� UDWLRQDO� IUDFWLRQV�� $FFRUGLQJ� WR� WKH� +XUZLW]�WKHRUHP� >�@�� IRU� DQ\� UHDO� QXPEHU� H[LVW� DQ� HQGOHVV�JUHDW�DPRXQW�RI�UDWLRQDO�IUDFWLRQV�VXFK�WKDW��

��

�

EE
D

�
��D �

7KXV�� LW� LV� DOZD\V� SRVVLEOH� WR� DSSUR[LPDWH�
LUUDWLRQDO��LQ�JHQHUDO�FDVH��QXPEHU� � �SZD ��'� E\�
VRPH� UDWLRQDO� QXPEHU� ZLWK� WKH� VXIILFLHQW� DFFXUDF\�JUDGH�� DQG� VR� WR� GHFUHDVH� WKH� VSHFWUXP� OHDNDJH�HIIHFW��
)RU� NQRZQ� YDOXHV� Z DQG� ' LW� LV� VRPHWLPHV�

SRVVLEOH�WR�GHILQH�DQDO\WLFDOO\�DQ�RSWLPDO�YDOXH� RSW.

ZKLFK�LPSOLHV�WKH�DEVHQFH�RI�VSHFWUXP�OHDNDJH���
6WDWHPHQW��� ,I�FLUFXODU�IUHTXHQF\�Z RI�KDUPRQLF�

QRLVH�DQG� WLPH�TXDQWL]DWLRQ�VWHS� ' DUH�NQRZQ��DQG�� �SZD ��'� LV� D� UDWLRQDO� QXPEHU�� L�H��
TS � D � .T � ���WKHQ�WKH�RSWLPDO�YDOXH� RSW. � ZKLFK�

LPSOLHV� WKH� DEVHQFH� RI� VSHFWUXP� OHDNDJH�� LV�GHWHUPLQHG�DV�
¬ ¼ TT..RSW � � �

5HDOO\�� OHW� EDT. � � � TE � ��� 7KHQ�
¬ ¼ DTTT.. RSW  � � � DQG��WKH�QXPEHU�

DSTSDTTS.. RSWWRSW  � � ' ���� SZ
LV� DQ� LQWHJHU�� L�H�� DFFRUGLQJ� WR� 6WDWHPHQW� �� WKH�VSHFWUXP�OHDNDJH�HIIHFW�LV�DEVHQW���

,W¶V� FOHDU� WKDW� IRU� XQNQRZQ� IUHTXHQF\� Z LW� LV�
LPSRVVLEOH� WR� GHILQH� RSW. DQDO\WLFDOO\��PRUHRYHU� WKH�
DOJRULWKP� RI� FDOFXODWLQJ� WKH� EHVW� DSSUR[LPDWLRQ� E\�UDWLRQDO� IUDFWLRQV� LV� WRR� XQKDQGLQHVV�� $QG� VR� DOO�DIRUHVDLG� VHUYHV� RQO\� DV� WKH� WKHRUHWLFDO� JURXQG� IRU�WKH�VHDUFKLQJ�SURFHGXUH�RIIHUHG�EHORZ����� 2IIHUHG� DOJRULWKP� RI� KDUPRQLF� QRLVH�VXSSUHVVLRQ��
$V� LW� LV� DVVXPHG� WKDW� WKH� QRLVH� @>�JK LV�

FRQFHQWUDWHG� RQ� VRPH� IL[HG� IUHTXHQF\�
@�> PD[PLQ

JJJ III � � EXW�DV�D�UHVXOW�RI�VSHFWUXP�OHDNDJH�
LWV� SRZHU� LV� DOORFDWHG� RQ� D� QXPEHU� RI� FRQWLJXRXV�IUHTXHQFLHV�� WKHQ� ZLWK� ZHDNHQLQJ� RI� WKLV� HIIHFW� WKH�DPSOLWXGH� RI� ')7� VSHFWUDO� FRPSRQHQW�� ZKLFK�IUHTXHQF\�LV�QHDU�WR� JI � LQHYLWDEO\�LQFUHDVHV���
6R�� LI� WR� GHVLJQ� D� VSHFWUXPV� DVVHPEODJH�

^`����^`�^`� �� �� ... 666 WKHQ�IRU�JUDGXDOO\�GHFUHDVLQJ�
OHQJWK� . RI� WKH� SURFHVVHG� DUUD\� � WKHUH� LV� VXFK� D�VSHFWUXP� DPRQJ� WKLV� DVVHPEODJH� IRU� ZKLFK� WKH�
VSHFWUDO�FRPSRQHQW��FRUUHVSRQGLQJ�WR�IUHTXHQF\� JI �
LV� PD[LPDO�� 7KLV� VSHFWUXP� ZLOO� GHILQH� WKH� RSWLPDO�
YDOXH� RSW. �
2Q� ILJ�� �� WKH� H[DPSOHV� RI� VSHFWUXPV� EXLOW� RQ� WKH�EDVLV� RI� ')7� IRU� KDUPRQLF� RVFLOODWLRQ�

����������FRV�@> � ' .NNINK JS ZLWK� IUHTXHQF\�
������ JI +]�� ����� ' VHF���IRU�GLIIHUHQW�YDOXHV�

RI�WKH�SURFHVVHG�DUUD\�OHQJWK� . DUH�VKRZQ��,W¶V�HDV\�WR� VHH� WKDW� ZLWK� JUDGXDO� GHFUHDVLQJ� WKH� QXPEHU� RI�
SURFHVVHG� SRLQWV� IURP� ���� . WR� ���� . WKH�
VSHFWUXP� OHDNDJH� HIIHFW� ZHDNHQV� LQ� WKH� EHJLQQLQJ�DQG� WKHQ� LQFUHDVHV� DJDLQ�� 7KH� VSHFWUDO� DPSOLWXGH� LV�
PD[LPDO�IRU�RSWLPDO�YDOXH� ���� RSW. �
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)LJXUH����6SHFWUXPV�RI�VLJQDO�
��FRV�@> ' NINK JS � ������ JI +]���

����� ' VHF�IRU�GLIIHUHQW�YDOXHV�RI�WKH�OHQJWK� .
$V� LQ� SUDFWLFH� WKH� FLUFXODU� IUHTXHQF\� Z LV�

XQNQRZQ�DV�D�UXOH��IRU�DFKLHYLQJ��WKH�IRUPXODWHG�DLP�XVLQJ� D� VHDUFKLQJ� SURFHGXUH� IRU� RSWLPDO� DXWRPDWLF�VHOHFWLRQ� RI� WKH� QXPEHU ..RSW d LV� VXJJHVWHG�� 7R�
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DFFHOHUDWH� WKH� QXPEHU� VHDUFKLQJ� LW� LV� QHFHVVDU\� WR�
WDNH�OLPLWDWLRQV� PD[PLQ � JJ II LQWR�DFFRXQW�WKH�OLPLWV�RI�
IUHTXHQFLHV� LQWHUYDO�RQ�ZKLFK� WKH�KDUPRQLF�QRLVH� LV�SUREDEO\�FRQFHQWUDWHG��DQG�DOVR�WR�VHW�VRPH�SRVVLEOH�
GHFUHDVLQJ�RI�QXPEHU�RI�SRLQWV� .G LQ�WKH�SURFHVVHG�
DUUD\��$V�D�UHVXOW�ZH�FRPH�WR�WKH�QH[W�DOJRULWKP���6WHS� �� &RQVLVWHQWO\� ZH� DEEUHYLDWH� WKH� OHQJWK� RI��
WKH�DUUD\��GHFUHDVLQJ� WKH�QXPEHU� M. RI�SRLQWV�EHLQJ�
SURFHVVHG�IURP�DQ�LQLWLDO�YDOXH� . WR� .. G� �
6WHS��� 8VLQJ�GLUHFW�')7�SURFHGXUH��ZH�GHVLJQ�WKH�

DVVHPEODJH� RI� VSHFWUXPV� ^`.6 � ^`��.6 � ^`��.6 IRU�
GLIIHUHQW� YDOXHV� M. � L�H�� ZH� FDOFXODWH� WKH� VSHFWUDO�
FRPSRQHQWV� �� MQ .& � ��������������� MM ..Q � �
�KHUH� �� MQ .& PHDQV� Q< IRU� WKH� VLJQDO� OHQJWK�

@�> ... .M G�� ���
�6WHS��� %\�WKH�DVVHPEODJH�RI�EXLOW� VSHFWUXPV�ZH�

GHWHUPLQH� WKH� RSWLPXP� YDOXH� RSW. ZKLFK� VDWLVILHV�
WKH�FRQGLWLRQ��
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ZKHUH� K: LV� D� VHW� RI� QXPEHUV� RI� VSHFWUXPV� ZLWK�
IUHTXHQFLHV�LQ�WKH�LQWHUYDO� @�> PD[PLQ

JJ II �
6WHS� �� $V� DQ� HVWLPDWLRQ� RI� WKH� IUHTXHQF\� JIÖ RI�

KDUPRQLF� QRLVH� ZH� WDNH� WKH� YDOXH� FRUUHVSRQGLQJ� WR�WKH� PD[LPDO� VSHFWUDO� FRPSRQHQW� RQ� WKH� LQWHUYDO�
@�> PD[PLQ

JJ II � FDOFXODWHG�IRU� RSW. �
6WHS��� :H�PRGLI\� WKH�VSHFWUXP�E\�PDNLQJ�]HUR�WKH� FRPSRQHQWV� FRUUHVSRQGLQJ� WR� WKH� IRXQG�

IUHTXHQF\� JIÖ DQG�WKH�©QHJDWLYHª�IUHTXHQF\� JIÖ� �
6WHS��� 8VLQJ�UHYHUVH�')7�SURFHGXUH��ZH�UHVWRUH�WKH�XVHIXO�VLJQDO�LQ�WKH�WHPSRUDU\�UHDOP�DFFRUGLQJ�WR�WKH�PRGLILHG�VSHFWUXP��:H� ZLOO� VKRZ� WKH� HIILFLHQF\� RI� WKH� RIIHUHG�DOJRULWKP� RQ� WKH� H[DPSOH� RI� ILOWUDWLRQ� RI� D� UHDO�HOHFWURFDUGLRJUDP���ILJ������

� �

E

F

)LJXUH����)UHTXHQF\�ILOWUDWLRQ�RI�(&*�XVHIXO�VLJQDO��D����QRLV\�VLJQDO��E���UHVXOW�RI�ILOWUDWLRQ��F��

,W� LV� NQRZQ� WKDW� HOHFWURFDUGLRJUDP� SURFHVVLQJ� LV�EDVHG� RQ� DQDO\]LQJ� WKH� IRUP� RI� WKH� LQIRUPDWLYH�IUDJPHQWV�� UHIOHFWLQJ� WKH� VWDJHV� RI� H[FLWDWLRQ� RI�VHSDUDWH�DUHDV�RI�FDUGLDF�PXVFOH��ILJ�����D���+RZHYHU��DV� D� UHVXOW� RI� LPSRVLWLRQ� RI� KDUPRQLF� QRLVH� ZLWK�IUHTXHQF\� ������ +]�� DPSOLWXGH� RI� ZKLFK� ZDV� ����WXUQ�GRZQ�XVHIXO� VLJQDO�� WKH�REVHUYHG�VLJQDO� �ILJ�����E�� LV� VXEVWDQWLDOO\� GLVWRUWHG� DQG� LW� LV� LPSRVVLEOH� WR�FRQGXFW� WKH� GHWDLOHG� DQDO\VLV� RI� WKH� IRUPV� RI� LWV�IUDJPHQWV���$W�WKDW�WKH�QRLVH�IUHTXHQF\�������+]�LV�ORFDWHG�LQ�WKH� �� ±� ��� +]� DUHD� RI� WKH� XVHIXO� VLJQDO� ORDGHG�IUHTXHQFLHV� �ILJ�� ��� D��� DQG� EHFDXVH� RI� VSHFWUXP�OHDNDJH� WKH�EDVLF�SRZHU�RI� WKH�QRLVH� LV�DOORFDWHG�RQ�WKH�LQWHUYDO���±���+]��ILJ����E����
��

E
�

)LJXUH����6SHFWUXPV�RI�XVHIXO�VLJQDO��D��DQG�KDUPRQLF�QRLVH�������+]��E���$V� WKH�KDUPRQLF�QRLVH� LV�DGGLWLYH�DQG� WKH�)RXULHU�WUDQVIRUPDWLRQ� LV� OLQHDU�� LW� LV� SRVVLEOH� WR� H[DPLQH�VHSDUDWHO\�WKH�VSHFWUXPV�RI�WKH�XVHIXO�VLJQDO�DQG�WKH�QRLVH��)RU�JUDGXDO�GHFUHDVLQJ�RI�WKH�SURFHVVHG�DUUD\�
OHQJWK� � IURP� WKH� LQLWLDO� VL]H� ����� . SRLQWV�
UHGLVWULEXWLRQ� RI� WKH� ORDGHG� IUHTXHQFLHV� RI� ERWK� WKH�QRLVH�DQG�WKH�XVHIXO�VLJQDO�RFFXUV��ILJ�������
��

� �������
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RSW� �������

� �������

����� ����� ����� ����� ����� ����� � ����� ����� ����� ����� ����� ����� �

)LJXUH����$VVHPEODJHV�RI�VSHFWUXPV�RI�WKH�XVHIXO�VLJQDO��RQ�WKH�OHIW��DQG�WKH�DGGLWLYH�QRLVH��RQ�WKH�ULJKW��IRU�GLIIHUHQW�QXPEHUV� . RI�SRLQWV�RI�WKH�SURFHVVHG�VLJQDO��



�

5HGLVWULEXWLRQ� RI� WKH� ORDGHG� IUHTXHQFLHV� RI� � WKH�XVHIXO� VLJQDO� VSHFWUXP� �ILJ�� ��� RQ� WKH� OHIW�� GRHV� QRW�UHVXOW� LQ� DQ\� XQSOHDVDQW� FRQVHTXHQFHV�� DV� E\� YLUWXH�RI�')7�FRQYHUWLELOLW\�LW�LV�DOZD\V�SRVVLEOH�WR�UHVWRUH�H[DFWO\� WKH� XVHIXO� VLJQDO� XVLQJ� WKH� DEULGJHG� DUUD\��7KH� PDLQ� HIIHFW� RI� WKH� RIIHUHG� DOJRULWKP� FRPHV� WR�GLPLQLVKLQJ� WKH� VSHFWUXP� OHDNDJH� RI� WKH� KDUPRQLF�QRLVH��$V�VRRQ�DV�WKH�DUUD\�OHQJWK�GLPLQLVKHG�WR�WKH�
YDOXH�RI� ����� RSW. SRLQWV���WKH�VSHFWUXP�OHDNDJH�
HIIHFW�WXUQHG�RXW�WR�EH�PLQLPDO��ILJ�����RQ�WKH�ULJKW���,W� HQDEOHV� XV� WR� VKRUWHQ� WKH� UHMHFWLRQ� EDQG� XS� WR�VXSSUHVVLQJ� MXVW� RQH� RI� WKH� VSHFWUDO� FRPSRQHQWV� RI�'3)� ZKLFK� FRLQFLGHV� H[DFWO\� ZLWK� WKH� QRLVH�IUHTXHQF\�� 2WKHU� KDUPRQLFV� DUH� QRW� DIIHFWHG�� WKDW�HQVXUHV�FRQVHUYDWLRQ�RI�WKH�XVHIXO�VLJQDO��ILJ�����F�������1XPHULFDO�H[SHULPHQWV��
� 7KH�QXPHULFDO�HVWLPDWLRQ�RI�WKH�HIILFLHQF\�RI�WKH�RIIHUHG�ILOWUDWLRQ�DOJRULWKP�ZDV�FRQGXFWHG�IRU�PRGHO�VLJQDOV� RI� GLIIHUHQW� VWDQGDUG� IRUPV�� 'XULQJ� WKH�LPSOHPHQWDWLRQ� RI� WKH� ILOWHU� WKH� SURFHGXUH� RI� IDVW�)RXULHU� WUDQVIRUPDWLRQ� �))7�� E\� 0DWHR� )ULJR� DQG�6WHYHQ� -RKQVRQ� >�@�� ZKLFK� LV� DFNQRZOHGJHG� WR� EH�RQH�RI�WKH�EHVW�RQHV��ZDV�XVHG��/HW�XV�SUHVHQW�WKH�UHVXOW�RI�ILOWUDWLRQ�RI�D�PHDQGHU�ZKLFK�ZDV� JHQHUDWHG� LQ� ��� WKRXVDQG� RI� SRLQWV� ZLWK�GLJLWL]LQJ� UDWH� ')  �����+]� DQG�ZDV� GLVWRUWHG� E\� D�
KDUPRQLF�QRLVH�ZLWK�IUHTXHQF\������+]��RI�GLIIHUHQW�OHYHOV�±������������DQG�������RI�WKH�XVHIXO�VLJQDO�VL]H�RI�FKDQJLQJ��ILJ������
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)LJXUH����5HVXOWV�RI�WKH�PHDQGHU�ILOWUDWLRQ���RQ�WKH�OHIW�±�EHIRUH�WKH�ILOWUDWLRQ��RQ�WKH�ULJKW�±�DIWHU�WKH�ILOWUDWLRQ��7KH� H[SHULPHQWV� VKRZHG� WKDW� HYHQ� IRU� D�FRQVLGHUDEOH�OHYHO�RI�QRLVH�LW�LV�SRVVLEOH�WR�UHVWRUH�WKH�IRUP� RI� VXFK� D� GLIILFXOW� VLJQDO� SUDFWLFDOO\� ZLWKRXW�GLVWRUWLRQV��6R��LQ�SDUWLFXODU��DIWHU�ILOWUDWLQJ�D�QRLVH�RI����� �� OHYHO� WKH� GLYHUJHQFH� EHWZHHQ� WKH� ILOWHUHG�VLJQDO�DQG�WKH�HWDORQ�RQH�GLG�QRW�H[FHHG���������7KH� HIILFLHQF\� RI� WKH� RIIHUHG� DOJRULWKP� ZDV�H[SHULPHQWDOO\� FRQILUPHG� GXULQJ� WKH� ILOWUDWLRQ� RI�RWKHU�VLJQDOV��7KH� GHYHORSHG� FRPSXWDWLRQDO� PRGXOH� RI� D�QDUURZ�EDQG�UHMHFWLRQ�ILOWHU�ZDV�XVHG�IRU� UHDOL]DWLRQ�

RI� VRPH� DSSOLFDWLRQ� V\VWHPV�� LQ� SDUWLFXODU�� WKH�)$6(*5$3+� V\VWHP��IRU�RSHUDWLYH�HVWLPDWLRQ�RI�WKH�IXQFWLRQDO�VWDWH�RI�WKH�FDUGLRYDVFXODU�V\VWHP�RI�D�KXPDQ�E\�WKH�SKDVH�SRUWUDLW�RI�DQ�(&*�>�@����� &RQFOXVLRQ�
� 7KH� WKHRUHWLFDO� DQDO\VLV� IXOILOOHG� LQ� WKH� DUWLFOH�VKRZV�WKDW�WKH�HIILFLHQF\�RI�VHFWLRQDO�ILOWUDWLRQ�RI�WKH�FRQFHQWUDWHG� KDUPRQLF� QRLVH� RQ� WKH� EDVLV� RI� GLUHFW�DQG�UHYHUVH�')7�FDQ�EH�KHLJKWHQHG�VXEVWDQWLDOO\�GXH�WR�WKH�XVH�RI�DQ�DGGLWLRQDO�VHDUFKLQJ�SURFHGXUH�ZKLFK�DOORZV� WR� ZHDNHQ� WKH� VSHFWUXP� OHDNDJH� HIIHFW� RI�KDUPRQLF� QRLVH�� 7KH� UHVXOWV� RI� H[SHULPHQWV�FRQILUPHG� WKDW� VXFK� SURFHGXUH� DOORZV� WR� VXSSUHVV�HIIHFWLYHO\�WKH�FRQFHQWUDWHG�IUHTXHQF\�QRLVH�ZLWKRXW�VXEVWDQWLDO� GLVWRUWLRQV� RI� LQIRUPDWLYH� IUDJPHQWV� RI��WKH�XVHIXO�VLJQDO�HYHQ�LQ�WKRVH�FDVHV�ZKHQ�WKH�QRLVH�IUHTXHQF\� LV� FRQFHQWUDWHG� LQ� WKH� LQWHUYDO� RI� WKH�ORDGHG�IUHTXHQFLHV�RI�XVHIXO�VLJQDO������5HIHUHQFHV�
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