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Abstract 

The reasons for applying nonlinear filters to Poisson 
distributed processes are discussed. The statistical char-
acteristics of several scanning window order statistic 
filter outputs are derived and analyzed for different pa-
rameters of input processes and filters. Basic dependen-
cies are obtained analytically and by numerical simula-
tions and then studied. In particular, it is demonstrated 
that nonlinear filters produce biased outputs.  
 
 

1. Introduction 
The Poisson distribution of noise or parameter esti-

mates arises in quite many situations where the principle 
of sensor operation is such that it counts a number of 
occurrences of event within a specified period of time 
[1]. Counting of calls via switchboard or defects, evalua-
tion of frequency of phase modulated signal parameters, 
and quantum noise in X-ray images are a few traditional 
examples [1,2].  

Because of the aforementioned principle of sensor 
operation, the observed 1-D or 2-D processes appear to 
be distorted by Poisson noise that possesses some spe-
cific peculiarities including its non-Gaussianity, asym-
metric probability density function (pdf), etc. Since Pois-
son distributed noise is rather intensive, the correspond-
ing processes require filtering in order to reduce degrad-
ing influence of the noise. On the other hand, many of 
commonly used filters are not well suited for the consid-
ered application [2,3]. The majority of signal/image 
processing methods are designed under assumption of 
additive and, commonly, Gaussian noise presence. Less 
number of techniques is intended for processing data 
corrupted by multiplicative noise. But Poisson distrib-
uted noise is signal-dependent and it is neither purely 
multiplicative nor additive. 

The choice of a proper filter becomes especially 
crucial if the data, in addition to Poisson noise, can also 
be corrupted by impulsive noise. Presence of impulsive 
noise forces the use of nonlinear filters that possess ro-
bust properties. However, their application and proper-
ties for such situations are not intensively studied. For 

design of effective signal/image processing methods and 
systems, it is necessary to know the statistical character-
istics of nonlinear filter outputs which depend on Pois-
son distribution and filters parameters. Thus, below we 
present the results of statistical characteristic analysis for 
outputs of several typical nonlinear filters such as stan-
dard median and α-trimmed ones and consider the basic 
dependencies for them.  

 
 
2. Poisson distributed processes 

For simplicity, consider 1-D case. Suppose one 
deals with the sampled information process 

,,...,1 ),()( IiiStS i ==  (where I is the number of sam-
ples) for which each measurement (data sample) obeys 
Poisson distribution defined by the pdf 
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where λ is a real value satisfying the condition 0>λ . In 
other words, the true values of the information compo-
nent of the process are equal to Iiti ,...,1 ),( =λ .  

 
Figure 1. 

 
An example of such process behavior for constant 
3=λ  is shown in Fig. 1. Obviously, quite large varia-

tions from the true value are observed. This is explained 
by the fact that for Poisson pdf for the mean m equal to λ 
the standard deviation σ  is equal to λ . If the accu-
racy of initial measurements is characterized by the ratio 

λσ /1/ =m , then for rather small λ  this ratio is quite 
large and, thus, the accuracy of measurements occurs to 



be poor. Therefore, it is worth improving and this can be 
done by means of process filtering.  

Other peculiarities of Poisson pdf are the following. 
First, according to the nature of measurements the proc-
ess values can be only integer ones. Second, for rather 
small λ  the pdf is considerably asymmetrical with re-
spect to λ  (an example is demonstrated in Fig. 2 for 
λ =3). When λ  is large (tens and hundreds) it becomes 
more symmetrical and approaches sampled (integer val-
ued) Gaussian distribution.  

 
Figure 2. 

 
It can be expected that these properties can lead to 

specific features of the processed data if nonlinear (order 
statistic based) filters are applied. In particular, the me-
dian filter application produces output bias when applied 
to processing data with non-Gaussian pdf. An example 
in favor of this is the filtering of images corrupted by 
speckle with Rayleigh or one-side exponential pdf [4].  

Besides, it is desirable to evaluate noise suppression 
efficiency of nonlinear filters in order to predict the im-
provement of parameter estimation accuracy due to proc-
essing of )}({ itS  with aforementioned statistical charac-
teristics.  
 
 

3. Order Statistic Probabilities 
According to [5], the probability density function of 

the j-th order statistic for the sample of size N of Poisson 
distributed data is 
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N  are the binomial coefficients 

and F(x) is the cumulative probability distribution func-
tion of the input data. Similarly, the distribution function 
of the j-th order statistic is [5,6] 
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For the Poisson distribution with λ=3 and N=5 the 
obtained plots of probability densities (2) for all 5 order 

statistics are given in Fig. 3 and the plots of NjF ,  are 
presented in Fig. 4. As can be seen, in opposite to Gaus-
sian distribution [7], the function Njf ,  for j=3 (i.e., for 
the sample median) is not symmetrical with respect to 
the distribution mean.  

The analytical expressions (2) and (3) permit to eas-
ily calculate the mean and variance for all order statistics 
for given N. If N is the size of the nonlinear filter scan-
ning window, then one can obtain the statistical charac-
teristics of the corresponding filter output for the signal 
fragments where Constti =)(λ .  

 
Figure 3. 

 

 
Figure 4 

 
4. Median Filter Output  

Characteristics  
First of all, consider the median filter output. Fig. 5 

presents the data obtained analytically. The output bias 
for median (the order statistic with 2/)1( += Njmed ) 
was derived as  
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This expression takes into account that the median 
filter output values coincide with one value of the input 
sample and, thus, they can only be integer. The parame-
ter K in derivations should be finite and large enough. 
For small )( itλ  (up to 10) the required accuracy is pro-
vided if K≥50, for larger )( itλ  our recommendation is to 
set K≥3 )( itλ .  

As can be seen, the median filter output is biased. 
The bias depends upon the filter scanning window size N 
and commonly is larger for larger N. At the same time, 



for )( itλ ≥5 the bias ∆  is practically independent of λ. 
However, the ratio λ/∆  increases when λ decreases. 
This means that relative systematic error induced by me-
dian filter is the most considerable for the signal frag-
ments with rather small )( itλ .  

 
Figure 5.  

 
Let us now consider noise suppressing properties of 

the standard median filter. They can be characterized by 
parameter 2/ resσλχ =  where 2

resσ  is the variance of 
residual fluctuations (noise) at the filter output. For the 
standard median filter 2

resσ  can be evaluated analytically 
for given N and λ as  
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Figure 6.  

 
In Fig. 6 χ  is plotted with respect to λ. As ex-

pected, χ  increases when N becomes larger. It also be-
comes slightly larger with larger λ. The analysis of the 
plots in Fig. 6 shows that, in general, for "predictive" or 
approximate  calculation of χ  for the standard median 
filter, in case of processing Poisson distributed processes 
for large λ, one can use the same expression [3] that is 
commonly used for Gaussian noise, i.e. 

( ) ππχ /122 −+= N . 
The median filter output for the signal presented in 

Fig. 1 is shown in Fig. 7 for N=15. All the aforemen-
tioned peculiarities are observed.  

It is also worth noting that the plots very close to 
those ones represented in Figures 5 and 6 were obtained 

by numerical simulations performed by averaging the 
median filter outputs for 10000 samples. The software 
was designed using MathCAD.  

 
Figure 7.  

 
 

5. Statistical characteristics  
of α-trimmed filter output 

Recall that the α-trimmed filter output is defined as  
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where 21, αα NN  are the numbers of minimal and maxi-
mal value samples (order statistics) that are rejected from 
the ordered sample, )( j

iS  defines the j-th order statistic 
for the data taken from the scanning window centered on 
the i-th sample of the filtered process (sequence).  

Commonly 21 αα NN = , although the use of non-
equal trimming parameters can produce some benefits 
[8] in cases of non-symmetrical pdfs of noise. Since the 
number of possible combinations of 21, αα NN  for the 
case 21 αα NN ≠  is too large, especially for large N, let 
us consider below only particular case 21 αα NN =  and 
N=15. Since the statistical characteristics of the α-
trimmed filter output also depend upon trimming pa-
rameters [3,8], four values 21 αα NN =  have been tested, 
namely 2,3,5, and 7 (the latter case is the standard me-
dian filter).  

For the α-trimmed filter it is possible to evaluate the 
output mean (if Constti =)(λ ) in the following way [3]:  
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Then one can also calculate the output bias 
αα λ m−=∆ . The obtained dependencies are presented 

in Fig. 8. As can be seen, these dependencies are very 
similar to those ones presented in Fig. 5. The α-trimmed 
filter output is biased and α∆  depends upon 

21 αα NN = . If 21 αα NN =  are selected larger, the bias 



decreases and is smaller than for the standard median 
filter.  

Similar dependencies have also been obtained for 
other N and 21 αα NN = . For given (fixed) ratios 

NNNN // 21 αα =  they practically coincide for differ-
ent N.  

For )( itλ ≥5 the bias α∆  is practically independent 
of λ for given trimming parameters. Again, the ratio 

λα /∆ increases when λ reduces. Thus, one can expect 
the largest relative systematic error of α-trimmed filter 
output for signal fragments with rather small )( itλ .  

 
Figure 8. 

 
It is quite difficult to evaluate the noise suppressing 

properties of α-trimmed filter output analytically since 
such derivations require numerical integration for esti-
mation of order statistic correlation matrix [3]. Because 
of this and taking into account the appropriate accuracy 
of the results obtained by simulations, the parameter χ  
was estimated numerically. The obtained dependencies 
are represented in Fig. 9. As can be expected, with re-
ducing 21 αα NN =  the efficiency χ  increases and it is 
better in comparison to the standard median filter with 
the same N.  

Finally, Fig. 10 presents the α-trimmed filter output 
for the input signal in Fig. 1. Although the α-trimmed 
filter output also falls into discrete values, they are not 
only integer like in standard median filter case (compare 
the plots in Figures 10 and 7).  

 
Figure 9.  

 

 
Figure 10.  

 
6. Discussion and conclusions 

It is shown that for Poisson distributed processes the 
nonlinear filter outputs can be biased and this obstacle 
should be taken into account while designing or selecting 
the method for such data processing. Analytical expres-
sions and basic dependencies for obtaining and predict-
ing the statistical characteristics of the standard median 
and α-trimmed filter outputs are given. They can be use-
ful in design of more complex algorithms for filtering of 
Poisson distributed processes.  
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