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AHoTanin - posrpaerses cnocib 3106y Koxat-
koBoi iH(opManii 3 HaB4aroyoi BHOIpKH, IO JI03BONAE
GaraTopa3oBo 30iNBIINTH YHCIO BIACTUBOCTEH 00’€KTIB.
[le po3Bonsic iCTOTHO  pPO3LIMPHTA  MOXIHBOCTI
AMOPHTMIB ~ HAaBYaHHA  pO3Mi3HaBaHHIO  0O0pa3iB,
nobynoBaHMX Ha Teopii pexykuii. JlaeTbes crienuii onuc
ITOPUTMY HABYAHHSA, [0 CHHTE3YE IIPOCTIP, B SKOMY
JOCATAaEThCA JIiHiHe po3nineHHs oOpasiB, mo 3amaHi
HABYAI0UOK0 BUOIPKOIO.

BCTVYII

[IporoHOBaHMH Mmi/XiJi MOJXHA 3aCTOCYBaTH IS TO-
IOBHEHHA iH(GopMaLii MpH po3B’sA3aHHI 3aa4i HABYAHHI
posnizHaBaHHIO 06pa3iB (3amaui HPO) Oyxp-sikuMu Bi-
AOMMMH METOAAMHU B MeXaX IeOMETPHYHOTO IiAXOLY.
Hai6insm npoayKTHBHMM IeH MiXif BUABIAETHCS TOI,
KON Ui po3B’s3aHHA 3aja4i HPO BHKOPHCTOBYIOTHCS
anropuT™MH, nodynoBaHi Ha meopii pedykyii [1], romoB-
HOIO i/Ie€10 AKOI € FPAHHYHE CIPOINEHHS BUPiLIyBaJIBHIX
MpaBMIL, IO JilOTh Y NPOCTOPi MiHIMAIBHOI PO3MiPHOCTI.

OCHOBHU TEOPII

B ocHOBY Teopil pemykuil moknafeHo (GyHIaMeHTa-
neHY Teopemy [2], ska ctBepmKye, mo skmo 3 N BHpi-
ITyBaNBHHUX NpaBHI 0OMpaeThCA OJHE, ke 6E3MOMIIIKO-
BO PO3/ILIAE BUMAAKOBY 1 He3aeKHY BUOIPKY HOBKHUHOIO
1, To iMOBipHiCTE HeBipHOi KiIacHpikauil 32 JOIOMOIOI0

BOro mpasiia 3 iMoBipHicTIO OinbInolo, HiX  1-1, He
NePEeBHUIYBAaTHME BETHIHHH
InN - Inn
ES T T TET (1)

1
ITokazano [1], mo SKIMO opraHi3yBaTH IOCHiJOBHUMH
CHHTE3 IPOCTOPY, B SIKOMY HAcTaHe JiHiliHe PO3ALIEeHHS
obpasis, 3aflaHMX Ha HaBuUaro4iit BHOOpLI HOBKMHOIO |,
0o InN<n,lnm, ge m-rkinskicts nepBrHEMX

BIacTMBOCTEH, 3 4KMX o0OHpaeTscs 1n; O3Hak.
BukopucroByroun (1) MOXHa CHHTE3yBaTH HPOCTIp
po3MipHOCTI Ny, B SAKOMYy JIiHiHHE PpO3ZLIEHHA
BHIIAZIKOBOI Ta He3alNexHol BHOIpKM JOBXHHOKO |
rapaHTye NOTPiOHi 3HAYEHHA € Ta 1.
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Teopis pemykuii Hafae OpoLexypy CHHTE3Y IPOCTOPY
PO3MIpHICTIO Ny, B SKOMY HOCATaEThcs OE3MOMIIIKOBE
nipifiHe poO3MiNeHHs HaB4ar04oi BHOIpKH JOBXHHOKO 1.
BemuunHa ng, 3Haiimena 3 (1), micns ImiacTaBiICHHS
InN <n,Inm su3navae posmipnicts cunTesoBaHoro
NIPOCTOpPY, TEPeBUINEHHA fAKOI NPHU3BOOWTH NO BTPATH
rapaHTiii nocsraeHss 3afaHux € i 1. 1{o6 po3mipHicTs
NPOCTOPY HE IEPEeBHINYBala I, BBOJUTHCH IIOHATTA
MiHIManbHOT 6I00KPEMNIOIOYOI Cutu O3HAaKu, O BH3HA-
YaEThCA AK YACTHHA “HABAHTAXKEHHS , AKY ﬁin yac po3-
JineHHs BUGIpKY Ma€ B3ATH Ha cebe KoxHa o3Haka [1].

PisHoBu/ioM anropHTMiB, moOy/IOBaHHX Ha Teopil
pexykuii, € a-npoueaypa [1]. Hexaii HaBuaroay BUGipKy
3aJaH0 f#K HaByaloyy Tabmumro, B gKilf  KOXHA
BJIACTHBICTB YCiX 00 €KTIB I0JIaHa CTOBIIUEM, a KOXKHOMY
00’exTy BiAnOBinae NeBHWH pAnoK. Bymb-sxuit 06’€kT

- - * - *
HAJIEKHMTB 10 OXHOTO i3 obpasis V| i V, .

Y/X X X2 b Xm
Y1 Xi1 Xi2 s Xim
b X X Xim

*
Vi 06’exth, g sxux y;>0, Hanexars 10 ob6pasy V1 ,a
akmo y;<0, - 1m0 obpa3sy V; . Po3rnaHeMo omuH
CTOBIENb, TOOTO OJHY HENEpPepBHY BIACTHUBICTH X;j.

. s . . 0
BcrasoBuMO Ha OC1 L€l BIACTHUBOCTI nopir Xi , OI0

pozninge Bcoo BUOIpKy Ha oci X; Ha JBa KIacH
expiBazentHoeti V), i V,;, Aki Tak um imaxme

30iraroThes 3 V;i V.: . Axmo obpaTn nAesKuil KpUTepii
36iry MHOXHH V;, V; tTa V|, , V,,, MoxHa 3paiiTh
nopir X? , 10 onTHUMi3ye BUOpaHUil KpUTEPIil.

Ha nepmomy kpolii o-npouexypu obHpaeTses Oyab-
sKa BJIACTHBICTh, BIJOKPEM/IOKYA CHJIa fAKOI BHUINE
MIiHIMAIEHO  JOIYCTHMOI, i T ug  BIAcTHBICTH
po3risaEeTecs Ak O3Haka Xj. Takx oOHpaeTscs mepma
KOOp/IMHATA NIPOCTOPY, IO CHHTE3y€EThCA. ToMy Juis Beix
BJIACTHBOCTEH Xj, IO JHIIWIKACH, I KOXHOIo 06’ekTy
HABYAIO401 BHOIpKH OOYMCIIOIOTHCS YMCHIA
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%, =p, cos(B, +at,.), @
[ X. . 3%
Ie pi = xlz + xiZ < Bi o arctgx—l 5 aﬂ- ~3MIHHHH

1
napamerp (o =0° +180°)
OGupaemo Take OL; , LIS SKOro Ol = argmaxao,,,

ne O - KUIBKIiCTh 06’€KTiB, 0 BipHO KIacH(iKyioThCs
32 ONTHMAIBHOTO IIOPOra, BCTAHOBJIOBAHOIO HA
KOXHOMY HAIIPAMKY, IO BU3HAYAETECA O .

VYci 06’ekti HaB4yal04oi BMOIPKH NPOEKTYIOTBCS Ha
HANPSAMOK X,, @ caMi Li HANPSAMKHM BU3HAYATHMYTHCA
BeJIHIMHAMH KyTiB O . KoxnoMy Ol; Binnosinae ciif
HANPAMOK X,;, i Ha KOXKHOMY HANPSAMKY BCTAaHOBJIEHO

. ~‘ - .
cBii omnruManeHEM nopir X. . Kivenp kinuem,

1s°
obupaeTscss Takuii manpsmok X, (0L.), Ha sKoMmy
ONTHMABHHMIA TIOPIr jae Halfkpaie PO3JIEHHS MHOXHH
V, i V,,, sxmo Tenep Bifokpemmooua cuna Ha oMy
HANPAMKY [EPEBHUIYE MiHIMATBHO TNPHITYCTHMY,
BIIACTHBICTH, IO PO3IJIAAAETHCS, MPHIMAETECA 32 03HAKY
X2. Tak obupaerbcs apyra KOOpAMHATa MPOCTOPY, IO
CHHTE3Y€TBCH, AKa Bi/OBia€ HANpaMKy X, (O ;) .

Hani obGupaerbcs omHa 3 BracTHBOCTEH Xi, MmO
MHIATHCA, i /18 Hel B mommHi X, — X, 064Hc/moeTsCS

BenmumHa X, =P, cos(B, +ag ) , ze
z 2 Xy
P, = 1’)(2 +x, ; By =ar0tgx_- SKIo npu upoMy
2

HA  ONTHMATBHOMY  Hampsmky X, = X, (0L.)
ONTHMATLHOMY TIOpOry BiNOBiZae BiZOKpeMIIOKYA
CWIa, IO TEPEBHINYE MiHIMATBHO NPHIYCTHMY, TO
BJIaCTHBICTE Xk Oeperhcs 3a Tpemio 03Haky aGo TpeTio
KOOp/IMHATy NpOCTOpYy, INO CHHTe3yeThcsa. Taka o-
nporeaypa NOBTOPIOETHCA, IOKH Ha OJHOMY i3 Ga3oBHX
HampsMKiBE X, ONTHMAIbHHI TOPIr He pO3JLIHTE
06’exT HaB4alw04o0i BHOipKH moBHicTIo. ITlnomusa, mo
NEPIEHAMKYIIpHA [BOMY 0a30BOMY HampsMKy i
TPOXO/MTE 9epe3 ONTH-MaIbHHUMH NOpir IHOT0 HAMPAMKY,
OpUAMAETECA 32 BHpiMyBaJbHE  [PaBWiIO,  MIO
CHHTE30BaHE O-MPOLEAYPOIO.

BUSIBJIEHHSI IOJTIATKOBOI
IH®OPMALIII

ITosepreMocs no HaBwarouoi Tabmuui. PosrisHemo
Oynp-axmii paaok wiei TaGmuui, To6To oguH i3 06’€kTiB
HaBuaro4oi Bubipkn. Jlns mporo 06’exTa K0KHA BIACTH-

BicTh X;,i =1,M mnpuiivae cBoe KOHKpeTHE 3HAYEHHSN
X;, - Obepemo nesxy xomGinamjio BiactuBoctei (mes-
kuit pparment Tabmmui), sadikcyemo il Ha o6paHoMy
o6’¢kti Ta  mo3HauMMo  OyJNEBHM  BEKTOPOM
B(B,,.--,B,,) . PoamipHicTs mporo sekropa Bimmosinac
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posmipHOocTi HaByarowoi Tabmmmi 1= 1,m, a iforo
CKJIAJIOBI BU3HAYAIOTHCA CIIIBBiHOIMEHHAM

l,sxmo iek 3)
"7 ]0,s immomy pa3si

Tyr k - MHOXKMHA CTOBNNjB HaB4al4oi Tabmuui, mo
o3Havae obpanmii pparment. Llei pparmenT omucyersca

sextopom X = {x,B,;:%,B,;...3X B, } - Hanpuxnan,
AKmo 3a ¢pparmeHT obpatu crommi (i=1,3,5 i m=5), To
BekTOp B BH3HauaTHMeTsCA ckiuamoBuMu B,=1, B=0,
Bs=1, Bs=0, Bs=1 , TO6TO ¢parMeHT BH3HAYAETHCH
BJIACTHBOCTAMH (CTOBIIAMH) Xy, X3, Xs: X={X;,X3,Xs}
Temep Bu3HauuMoO BigMiHHOCTI yciX 06’exTiB
HaB4alo40i BUOipKH Bix o6paHoro o6’exra Xy 3a dpar-

menToM K. Iffo BigMiHHICTS i KoxkHOrO 06’ekTy X

BHOIPKHM MOXXKHA BU3HAYHTH CIIBBiAHOIIEHHAM:
m

L(X,,X,), = Z; X=Xe| B - @

Lle criBBifHOmMEHH s Mae BCi BIACTHBOCTI BiACTaHi y
npoctopi obpanoro ¢parmenra, tobro L(X,,Xs)=0..
Bigminmicts (4) 3pocTae 3 BigJaneHHSAM BiZ ONOPHOro
o6’ekty B mnpocropi ofpaHoro ¢parmeHTy i MOXe
POSIIANATHCA AK TOXINHA CKIAJHA BJACTHBICTH YCiX
06’€xTiB, fKa BH3HAuYa€, HACKUIBKH BiJIMiHHMH (CXOXHMIt)
Oynp-akuit 06’exT BiX omopHoro 06’€kTy B po3ymiHHI
obpasoro ¢parmenty. Hanpuknaz, crissigHomenns (4)
MO)Xe€ IT0Ka3aTH, HACKLIBKH JBi JIOJMHH BiAPi3HAIOTHCK
O/IHA BiJ OMHOI 3POCTOM, Baroid Ta PO3MIpOM B3YTTH.
Tomy xokHa Taka MOXiZHA BNACTHBICTh MOXe PO3IJAAa-
THCH O-TIPOLIEAYPOIO AK JesKa HOBa BIACTHMBICTh. Skmo
PaHroM r HOBOi CKJIAJHOi BJIACTHBOCTI HAa3BaTH YHCJIO
CTOBMIIB Yy (parMeHTi, a 9HCIO CTOBII{B BHXigHOI
HaBYAJIBHOT 'r?ﬁnmxi AOPiBHIOE M, TO Taka Tab/HIs MOXe
TIOPOJHTH 111 HOBHX CKJIAHUX BIaCTHBOCTEIH:

m'=ic:n

r=

Cxnanni o3HaKkH, Mo 0GHPAIOTHCA i3 CKIAMHMX BIAac-
THBOCTEH, NO3BOJIIOTE PO3B’A3YBAaTH CKIANHi 3a1ayi,
TaKi, HANPHKIAM, AK PO3JAUIEHHS ABOX cep, BKIAJEHHX
ogHa B oaHy. Take po3miieHHs nerko 3iHCHWTH,
3aCTOCOBYIOYM TUIBKM €IHHY O3HAKY, K4 BH3HAYACTHCA
ONOPHHM 00’ €KTOM, MOKIAICHHM y IEHTP kX chep.

BHUCHOBKH

Meton BuABNeHHA HesBHOI  iHpopmamii, mo
NPONIOHYETHCA, Jo3Boiie  Oararopa3oBo  36imsmmTH
KUIBKICTh BHMXIiJIHHX BJIACTHBOCTEH, 3 AKHX GOpMYIOThCH
O3HAKH, 100 CIPHAIOTH PO3Mi3HABAHHIO.
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Nadija Tymofijeva. About partition problems

An analysis of ctasses of problems of partition is
suggested, some property of set of partition is
represented, method of generation of set of partition
is described. On basis of this analisis mathematical
mode] of problem of partition is buiit

3anaui po36UTTA BiAOMi B HaHpiIHOMAHITHILINX
nocraHoBkax. lle po3GUTTA MHOXHMHH, DO3CiUEHHA
rpadie, Mepex, KiacTepu3allif, TAKCOHOMid,
knacidikauis. 3 o6UMCTIOBANBHOI TOUYKH 30PY BOHH
€ ONHHMH 3 Halbinbw CkNagHHX.

Jns npaBwisHOro BUOOPY METOAY | aNrOpHTMY,
32 JIONIOMOTO10 AKHX MOXHA OAEPKATH ONTHMAIIBHHA
PO3B'A30K, HeoOxiAHO noOyAyBaTH MATeMAaTHYHY
MOIENb, fiKa © aNeKBATHO OIMMUCYBaJa MOCTABICHY
3agayy. 3 wi€ MeTow B CTATTi aHANMI3YIOTHCA THIH
jagay  po36GHTTA, HaBeNeHO JAesKi BIIACTHBOCTI
MHOXHHM PO30HThL, OMKUCAHO METON YNOPAOKYBAHHS
ycinako MoxiuBKX po3butre. Ha niacraei  uux
JIOCHi/pKeHb  MOOYAOBAHO MATEMATHYHY MOAEHb
3aga4i po3bHTTA. "

Otxe, 3ajJaya po30HTTS NOAArae B
YyNOpAZKYBaHHI 3aJaHuX o0O'ekTiB  y MOpiBHAHO
OfHOpiAHI  rpynH, TOOTO 33  PO3PODNEHUMHM
NpaBHIAMK  NPOBOAMTbCA  PO3OMTTA  3ajaHoi
MHOXHHH HA MiAMHOMXHHH. 3afaui po3bUTTA MOXHA
PO3MINMATH 33 THNOM 3aBJaHHA OO0'E€XTiB i
MHAMHOXHH, MO SKHX PO3NOMINAOTLCA Ui 00'eKTH, i
3a ¢cnocobom oBuMCIEHHA UiMbOBOT (YHKLIT.

3a THnoM 3aBmaHHd O0O0'exTiB i MiAMHOXHH
BUIIIKMMO TaKi 3aadi.

l. 3anaHo 7 o6'ekTiB, AKi HajeKaTh [0 PIBHHX
THIIB. Kinbkicts MiAMHOXHH, no AKHX
po3nodinAKTLca OO'¢kTH OKpemoro Tuny, i X
NOTYAHICTb 3a1aHO.

2. 3agano n ob'extiB, £Ki  Hanexatb N0
pisaux  TumiB, KinbkicTh NIOAMHOXWH, 0O AKHX
posnoginaloThes o0'ekTH OKpeMoro Tumy, i ix
NOTYXHICTb He 3a4aHO.

3. 3apaHo n of'ekTiB, AKi Hanexatb RO
ogHoro tuny. KiabkicTb NiIMHOXHH, MO #KHX
pO3NOMINAIOTECA OB'€KTH, | IX MOTYXHICTH 3adaHoO.

4. 3agano N ob'exkTiB,  fKi Hanmexartb MO0
ogHoro THny. KinbkicTe RIAMHOXHH, NO AKHX
pO3NOAiNATLCA 00'€KTH, i 1X MOTYXHICTb HE 3a/1aHO.

3a cnocoboM oOuHCIeHHA UUIbOBOI (yHKLIT
3agayi po3OMTTA JAIMATBCA HA Taki, y AKHX
B32EMO3B'A3KH MiX 00'¢ekTaMM 3aJaHO #ABHO, VY
KiJIbKICHOMY 3HAauYeHHi, I Taki, y AKHX IX 3aJaHo
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HeIBHO, Yy fAkicHOMY 3nauyeHHi. Tak, HampHuknag, y
3a7a4ax KOMIIOHOBKHM, pO3OMTTI €NEeKTPUUHHX cXeM
Ha HenepeciuHi MIAMHOXHMHK MK  ob'ekTaMH
NoYaTKOBOI MHOXHHHM 3alaHO KiNbKiCTb 3B'3KiB. Y
UiIBOBIH (yHKUil, 33 #KOKW 3AilCHIOETBCA OLIHKA
ONTHMAaALHOTrO PO3B'A3KY, BPAXOBYEThCA CyMapHa
KIABKICTb 3B'A3KIB MiXK eJlIeMeHTaMM, sSiKi BXOIATH OO
OZIHi€] NiIAMHOXHHU, a0 cyMapHa KiALKiCTh 3B'43KiB
MK MigMHOXHHamM. B 3ajpauax po3mni3HaBaHHA
(TaKCOHOMIT), knacudixauii, KJlacTepusauii
B32€EMO3B'A30K Mik 00'ekTaMu iCHye€ B SKICHOMY
BpMipi. Jlns  BCTaHOBJEHHR  LMX 3B'A3KIB Y
KibKiCHOMY BHMMipi BBOAATBCH Mipu noniGHoOCTI.
OckinbKH Mipa nogibHocTi - ouiHKa cy6'eKTHBHA, TO
BHKODHMCTAHHSA [UIA pO3B'A3aHHA OJHiel i Tiel camol
3aAadi pi3HUX Mip NOAIGHOCTI MPUBOINTDL OO Pi3HHX
pesyabTaTis. OTKe, AKUIO B3AEMO3B'AGOK  MiX
ob0'ekTaMi BM3HAYaE€ThCH Mipamu nogibrocri, TO
pe3ynbTAT PO3B'A3KY 3aia4i pO3OUTTA 3aMeXUTh i Bil
cnocoby BM3HAYEHHA LMX B3aEMO3B'A3KIB, i BIl
3aBAaHHA ULIbOBOLI dYHKUIT, 32 AKOK TNPOBOAMTHCA
NOLWYK ONTHMANbLHOIO PO3B'A3KY.

MarematHuna MoJenb 3agay po30OMTTH, MK
NpaBuiio, 3aJacTbCA OJHIEI0 MHOXHHOI, MiX
efleMeHTaMu sKOI iCHye B3aemo3B's3okK. IlodaTkosi
JaHi (B32€MO3B'A3KH MIX eleMeHTaMH Uil MHOXHHH)
NoJIaMO Y BUTAAAI MaTpui 3B's3HocTi. SKwo 3agaua
PO3OMTTA HANeXWTh O MEPLIOTO THMY 3a CnocoboM
obumcneHns UUbOBOI (QYHKLIT, BRBaXKaTHMEMO, L0
BXijtHi gaHi 3amaHo 3a yMOBOW 3ajdadi. Akwo 3anaya
PO30OUTTA HANEXNWTL A0 APYroro THiy (TaKCOHOMis,
KJIacTepHu3auis, Knacubikauisg), HeobxigHo
nobyaysaTy MATPHULIO 3B'A3HOCTI, BUKOPHUCTOBYIOUHM
3aJIEKHO BIJ KJIdcy 3ajau taki Mipu nogibuocti, Ax
kooedinieHT Kopensauii, Mipu BiacTaHi, KoedilicHTH

acoliaTMBHOCTI uM HMOBIpHICHI KoediliesTh
noxibuocTti {1-2].
PosrasHeMo  geski  BIAcTUBOCTI  pO3GMTTA

MHOXHHH i crnoci® reHepyBaHHA YCINAKO MOXIHBHX
po3bure. [nsa iXx ynopAaKyBaHHS BUKODHCTAEMO
niaxif, L0 BpaxoBY€ BIACTHUBICTL MNEPIOIMUHOCTI,
XapakrepHol ans npouecy reHepyBaHHa
xombBinaropHnx KoHdirypauiii [3]. 3riogHo 3 HuM
YCIIAKO MOXK/HBI  pO3OUTTH YIOPSAKOBYIOTbHCA
Maiixke MepiogUYHUMHK IHTEpBaNaMM, KOXEH i3 AKHX
CKNA@ETLCA 3 OCHOBHMX  Maibk¢ nepiomiB. A
bOTro HeoOXiAHO: ‘

a) BU3HAYMTH OCHOBHMI Maike nepiog
MHOXHMHH pPO30HTb i TMpaBHIO, 32 AKUM BiH
dopmyeTheA:

©) BM3HAYMTH NpPaBUJIO, 33 AKMUM QOPMYETbCA
oOMexyBanbHe po3bHUTTH;
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B) BH3HAYMTH MPABHJIO, 33 RKHM TEHEpYIOTHCA
YCIAKO MOXITHBI po30MTTA, AKi HaeXaTh [0 Mafixe
nepioga ¢ - ro nopaaky. THM caMHM 3a0e3neyyeTbcd
FeHEpYBAHHA YCLIAKO MONUIMBHX PO30OMTD.

Po36uTTAM H  -eNeMeHTHOI MHOXHHH A
k

Ha y
k k k
MHOXHHY — NiIMHOXHH /7 =( 7 /0,/1()

TaKy,

k k k k_
wp Ul p =a, pNp =0,
j,lE{l,.,,,y"},j;tl, pjk;t@,

MiAMHOXHH  HA3BeMO YNOPAAKOBAaHY

jE€l., 'Y,y el

k€{l,...,q}, q - KinbKicTh YCiNAKO MOXIHBHX

po36uTh.  YNOPAOKOBAHY  MHOXKHHY  YCUIAKO
MOXTHBHX po36uTh no3nauumo O .
k
Po3butra p XapaKTepH3YETLCA
k

KifbKIiCTIO MiIAMHOXHH /0 i KiNbKICTIO €IEMEHTIB,
J

IO BXOAATL [HO L€l MNiAMHOXUHHU. 3a UHMMH
O3HAKAMM Y MHOXHHI ©® BuIiNEHO YOTHPH TUNH
pO30HTD.

k
O3nauenns 1. Po3burts p €O

OCHOBHOTO Mailbxe mnepiony YTBOPIOETLCA Ik
k=1

NonepeaHLOro p OIIHi€I0

Tpaxcnosuuicro  j - TO €JeMEeHTa t -1

k=1

NiAMHOXHHH /0 - ro po3buTTa i nepworo

k=1
-1 MiAMHOXHHH /0 -TO

-1},

enementa ¢ +1

p036m'm,j=l,£:c ,tE{l,...,y

k k
- KiNbKiCTh €JIEMEHTIB )
£, y P,

k
O3navennn 2.. [TouaTkoBe po3burTa ,0

[- ro OCHOBHOrO Maixe nepiogy Ha3BeMo
obmexysaneHuM. Bono abo 3apaerbca, abo
BH3HAYAETHCA 32 OCOOIMBHM NPABHIIOM.

Osuavenns 3. Maiixe nepionom g -To
nopsaky ynopsaxosakoi MHoxuir ©  Haseemo
YAOPAAKOBAHY 1 MiAMHOXHHY , fKa MICTHTb

YCinAKO MOXJIHBI PO3DHTTS, YTBOpEHI eJleMEHTaMH

ok kK k
L RRETY S JE{fl +2,...,n}.

Ha nmigcraBi BHIIEBHKIAASHOIO NOJAMO
MaTeMaTHMHY Mojenb y Takomy Buriazi. Hassemo
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ABSTRACT

The Support Vector (SV) method is a novel type of
learning machine, based on statistical learning
theory. In support vector classifiers, the input vectors
are mapped to a high dimensional space and are then
separated by the optimal linear hyperplane[1]. In the
RBF case, the SV algorithm automatically determines
centers, weights and threshold that minimize an
upper bound on the expected test error. The classical
approach in building a radial basis function classifier
consists of choosing the centers by some clustering
techniques. The weights are usually found by the
pseudoinverse method or by LMS algorithm[2]. We
applied these techniques to channel equalization,
viewed as a classification problem, for reconstruction
of binary signals. It is well-known that the radial
basis function network has an identical structure to
the optimal Bayesian symbol-decision equalizer
solution[3]. But the computational requirement to
implement can be very high, as the full RBF Bayesian
solution usually requires a large number of centers.
We compared the results of equalization task
obtained with classical RBF training with those
obtained by the SV algorithm . We showed the
superiority of SV techniques, especially for high SNR
ratio.

1. INTRODUCTION

To addresss a classification problem, one often
would like to use as many features as possible to
improve the classification result. However, most
classifiers suffer from what is called the small size effect
or peaking effect. There is a certain optimal number of
features beyond which performance will only degrade.
This is because, as the dimensionality of the feature
space grows, estimating densities of the data becomes
increasingly harder for a finite number of samples[4].
Vapnik proposed a method for finding a hyperplane
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optimally dividing two classes, which does not depend
on a probability estimation[1]. This optimal hyperplane
is a linear decision boundary which separates the two
classes and leaves the largest margin between the
vectors of the two classes. It was observed that the
optimal hyperplane is determined by only a small
fraction of the data points, the so-called support vectors.
To find a non-linear classifier, it is possible to transform
the vectors in input space to some high-dimensional
feature space. This allows for more difficult problems to
be solved and increases the feature space dimensionality,
but hardly influences the classifier domplexity.
Furthermore, it was shown that the probability of making
an error depends only on the number of these support
vectors (and therefore on the complexity of the
classifier) and the number of training vectors. In the
next sections we present the Support Vector machines
(we refer mostly to the paper by Cortez and Vapnik [5]),
the RBF equalizers and some computer simulations
showing the performances of these techniques on digital
communication channel equalization.

2. SUPPORT VECTOR MACHINES
2.1 THE OPTIMAL HYPERPLANE

The optimal hyperplane is defined as the plane
separating two separable classes in such a way that its
margin is as wide as possible. If we denote the training

vectors by X;,i=1,...,] with the corresponding labels
Y, € {— l,l}thcn this yields

y,l(w-x,)+b]21, i=1,.,1 (1)
if the optimal hyperplane is
w-x+b=0 ()
in which w can be written as ®
!
W= 0,yX, &20 (3)
i=1

The discrimination function for a certain vector z is
therefore written as
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1Q)=Yoyx)b @

It can be shown that in order to find the optimal set of
weights ©,, the following expression has to be

maximized:
W(A)=AT1- —;-ATDA )

wrt. A= (0(1 . ¥ ), subject to the following
constraints:

Az0

Y'A=0
D is a matrix containing the dot products of the training
vectors, multiplied by their labels:

D, = yiyj(xixj) o)
Maximizing Eq. (5) is a quadratic programming problem
with linear constraints.

(6)

2.2 SOFT MARGIN HYPERPLANE

The concept of the optimal hyperplane is only suitable
for the separable case[4]. If classes overlap Eq. (1) is
modified to allow for errors:

ylw-x,)+b]21-E,, i=1..1

8
£,20, i=L..] ¥

and the following function can be minimized:
Ly o2 3
E"w" + Cz:‘& ; ©)
I=

The quadratic programming problem now becomes a
dual one:

2
W(A,S)= A1-L AtpA + & (10)
% 4
wrt A= (OCl -y /5 ), and O subject to constraints:
0<A<d1
(11
Y'A=0

The dot product can be replaced by a generalized dot
product that satisfies Mercer’s theorem [2]. The only
equation that changes is Eq. (7) which becomes

D, = yiyjK(xl'xj) (12)

and the discrimination function
!
f@)=Y o, yK@E x)+b (13)
i=1

We used a radial basis function neural network with
kernel width G , whose the necessary number of kernels
and their positions are found by the algorithm:

2
K(z,x,)=ex -—E;—’:j'— (14)

3. RBF EQUALIZERS

Channel equalization is a technique employed
to combat the effects of intersymbol interference and
noise which corrupt the transmission of signals across a
communication channel (Fig. 1). The equalization aims
to reconstruct the transmitted sequence with the
minimum error probability , i. e. : §(£)=s(t—d),

e(t)

where d is the delay.

_’ Thannel —‘-“"

Frmalicer

s(t) O  x@) ()

Fig.1 Discrete-time model of data transmission system

The channel is usually modeled by a FIR filter

with the following transfer ~ function
n,-1

H(z)= Y hz", (15)
i=0

where h; is the channel impulse response components
and n, its length. In our study the transmitted symbol

s(t) is taken from the data set {%1}; it forms an i.i.d.
sequence, and e(t) is an additive white Gaussian noise

with zero mean and variance G 3 [3].

A RBF network is a two layer network
comprising a hidden layer and an output layer. The
hidden layer contains n neurons which compute the
Euclidian distance between a center vector ¢; and an

input vector X = [x(t)x(t—l)..x(t —m+1)]' The
result is passed through a nonlinear function ®; to

generate the hidden node output. Functions @, are

x-el

0.2

chosen to be Gaussian: @, =ex

where O, is called the width. The output layer is
computed by a weighted linear combination of the n
neurons of the hidden layer. The overall response is a
mapping:

fx)= iwiq)i , (16)

where w; are the weights.

It has been shown [3] that RBFN achieves an
implementation of the optimal Bayesian equalizer if the
channel is known and the parameters of the network are
well chosen (i. e., the number of hidden neurons n is
equal to the number of desired channel states:

n=2"""1. the RBEN centers are placed at desired
channel state vectors:




5y = [y. @)y (-1)..5y, (I—m+l)]!; the weights
are chosen in the data set: {1}, and 6} =202y} =
207, i € [1;n]). Note that the RBFN structure can be

complex when m and n, are large.

In our work, the training of RBFN was done
using a two-steps approach: in the first step a classical k-
means clustering procedure was used to find the location

of the centers and the widths were set at 0; = .
N2:n

where i € [1;n] and d, is the maximum distance
between the chosen centers[6]. The k-means algorithm is
an unsupervised learning method based only on input
training samples. It partitions the input data set into n
cluster centers. In the second step, the weights were
trained using the least mean squares (LMS) algorithm.

4. SIMULATION STUDY

For the purpose of graphical display, the equalizer order
is chosen equal to 2. Let the channel transfer function

be H,(z)=0.5+ z™'. The delay was 1.

- Figure 2 shows 50 samples which form the data clusters
and the SV centers(indicated by extra circles).
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05+ ++

x(t-1)
[

05}

A5 T+

Fig.2 RBF centers automatically found by the SV
algorithm (indicated by extra circles), and the decision

boundary, H,(z) =0.5+z™',SNR=17dB, 0 > =2

The other channel used for various SNR’s was:

H,(z) =-0.2052-0.5131- 7 +0.71837*
+0.3695z° +0.20527~*

We used a 2-64-1 RBF network, and the delay was

chosen T = 2[7]. The number of samples for training
was 250 (wee need all at once for the SV method). The
performance of our structures (RBF or SV equalizers)

were measured in terms of log,, BER (BER= Bit Error

Rate), for 200000 samples. We can see the superiority of
SV method over a RBF network using this k-means
clustering method especially for high SNR ratio (Fig. 3).
The SV method doesn’t work well for low SNR’s
because the errors were too much punished. We used

C=10%and 0%=0.5. Better results could be

obtained by lowering C and using higher values for O ; "
directly related to SNR ratio. A cross-validation
technique could be used , although other heuristic
methods would be indicated. It should be noted that with
the clustering method presented in [3] the RBF structure
could achieve the optimal Bayesian performance for a
symbol by symbol equalizer. The convergepce of this
procedures requires for our particular case more than 600
samples. We also need a correct estimate of the channel
order. The SV method provides a rigorous way of
choosing the number and locations of RBF centers
specifically selected for our classification problem.

(17)
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Fig.3 Comparison of performance. Channel H2,
delay=2, m=2
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5. CONCLUSION

The traditional view of RBF equalizers has been
one where the clustering heuristic used for training them
was considered very important. In contrast, the SV
algorithm provides a way of choosing the number and
the locations of RBF centers, where the centers are
those examples that are critical for the classification task.
The classical k-means clustering algorithm can only
achieve a local optimal solution, which depends on the
initial locations of cluster centers. A consequence of this
local optimality is that some initial centers can become
stuck in regions of the input domain with few or no input
patterns, failing to move where they are needed [8]. Our
simulation showed the superiority of SV method over a
RBF equalizer using a k-means clustering procedures for
high SNR’s ratio. Whether a RBF network can realize
optimal equalizer solution depends crucially on
positioning the centers at the desired channel states. This
requires a great number of samples for training using a
supervised or unsupervised k-means procedures and a
correct estimate of the channel order. With a small
number of training samples and no knowledge about the
channel order, the SV method could become a suitable
choice for digital communications channel equalization.
In the future, our work will focus on attempting to
enhance the speed in training and test phase while
looking closely at their application to nonlinear channels.
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